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Abstract

This paper studies both the finite-horizon and the infinite-horizon H-infinity opti-
mal control for linear systems under imperfect state measurements using the
game theoretic approach. In the finite-horizon case, the result to this problem is
well-known that the solution exists under the existences of solutions to two gen-
eralized Riccati differential equations and that they satisfy the spectral radius
condition. In the existing game theoretic approach to this problem, it calls for the
separation principle, which is a deep principle that is not obvious for beginners.
This paper offers a completely elementary solution to the problem that uses the
completion of squares method and Riccati differential equation solutions. This
solution method calls for estimation and control sequential design, and only after
the controller has been obtained, do I relate the over all solution to the control
Riccati differential equation. In the infinite-horizon case, the standard approaches
call for the inner systems, which is something that is not familiar with the con-
trol community. I obtain the exact conditions under which the infinite-horizon
problem will admit an internally stabilizing solution. This exact set of conditions
basically solves the H-infinity optimal control problem completely in conjunc-
tion with Theorem 9.8 of Bagar and Bernhard (1995). I then obtain another
set of exact conditions as a corollary, which is quite standard, under which the
infinite-horizon problem will admit an internally stabilizing solution that is the
appropriate limit of the finite-horizon solution.

Keywords: H-infinity optimal control, game theoretic approach, completion of
squares, generalized Riccati differential equation, generalized algebraic Riccati equation



1 Introduction

H*°-optimal control had been a topic of intense research in the 1980s. The problem is
interesting since it tries to optimize the H°-norm of the transfer function matrix for a
given linear time-invariant system, which is shown to equal to the Lo-induced norm of
the system (Zames, 1981). This induced norm perspective is powerful and allows the
small gain theorem to apply for the closed-loop system that renders the H> controller
robust to a general class of systems that can be represented as the nominal system in
feedback with some Lo-induced norm bounded uncertainty block. The solution to the
H®°-optimal control problem is first obtained in Doyle et al. (1989). Further research
along the line has been focused on time-varying systems (Limebeer et al., 1989; Ravi
et al., 1991; Khargonekar et al., 1991), mixed H? and H> control design (Bernstein
and Haddad, 1989; Khargonekar and Rotea, 1991; Stoorvogel, 1993), jump linear sys-
tems (de Souza and Fragoso, 1993), singularly perturbed systems (Pan and Bagar,
1994, 1996b), sampled-data control systems (Bamieh and Pearson, 1992), and nonlin-
ear systems (van der Schaft, 1991; Isidori and Astolfi, 1992; Toussaint et al., 2000). One
of the main research thrust has been the identification of the H°° central controller and
the optimal control law for linear exponential of quadratic Gaussian (LEQG) problem
(Rhee and Speyer, 1989; Uchida and Fujita, 1989; Whittle, 1990; Fleming and McE-
neaney, 1992; Pan and Bagar, 1996a). This equivalence motivated further research into
risk-sensitive control of nonlinear systems and the observation that the large deviation
limit for nonlinear exponential of integral cost Gaussian problem is identical to the
nonlinear zero-sum game solution (James et al., 1993; Runolfsson, 1994; Fleming and
McEneaney, 1995; James and Yuliar, 1995; Bensoussan and Elliott, 1996; Moon et al.,
2019). A number of books has been written on H> control (Doyle et al., 1992; Stoor-
vogel, 1992; Bagar and Bernhard, 1995; Zhou et al., 1996; Trentelman et al., 2001)
to further relax the assumptions on the problem. Noticing the induced-norm impli-
cation, a game-theoretic approach to the H-optimal control is quickly adopted to
address the problem in the framework of soft-constrained zero-sum games (Didinsky
and Basar, 1992; Bagar and Bernhard, 1995). This approach allows for investigation
of finite-horizon problem for linear time-varying systems, as well as nonlinear sys-
tems. The cost-to-come function (Didinsky et al., 1993; Basar and Bernhard, 1995)
approach to the problem solves the estimation part of the problem, while the control
part of the problem is well-known as the perfect state measurements case with well-
established solutions. This then leads to the separation principle (Didinsky et al., 1993;
Bagar and Bernhard, 1995) that connects these two solutions for a complete solution
to the problem that agrees with the well-known solution (Doyle et al., 1989). In the
standard approach to the H°°-optimal control, without using the game theoretic for-
mulation, refined solutions (Zhou et al., 1996; Trentelman et al., 2001) then calls for
the inner system for imperfect state measurement case, which is not that familiar with
the control community.

This paper is to study both the finite-horizon and the infinite-horizon H*°-optimal
control for linear systems under imperfect state measurements using the game the-
oretic approach. First, I rederive the finite-horizon H°°-optimal control for linear
time-varying systems under imperfect state measurements using the game theoretic



approach. It offers a completely elementary solution to the problem that uses the com-
pletion of squares method and Riccati differential equation solutions. This solution
method calls for estimation and control sequential design, and only after the controller
has been obtained, do I relate the over all solution to the control Riccati differential
equation. This solution methodology offers good opportunity to generalize to nonlin-
ear systems, such as the robust adaptive control problems that this author has been
working on for many years. After the successful solution to the finite-horizon problem,
I then study the infinite-horizon case for linear time-invariant systems. I first show
that the generalized algebraic Riccati equation A’Z + ZA — ZSZ + Q = 0, where Q
is positive-semidefinite, admits a positive-semidefinite stabilizing solution implies that
the pair (4, @) has no unobservable modes on the imaginary axis. A set of exact condi-
tions is obtained for the infinite-horizon H“°-optimal control problem under imperfect
state measurements such that a solution exists and is further internally stabilizing
(i. e., asymptotically stable under the optimal control strategy and without any exoge-
neous disturbance input.) This exact set of conditions basically solves the H>°-optimal
control problem completely in conjunction with Theorem 9.8 of Basar and Bernhard
(1995), which says that the H*°-optimal control problem admits a stabilizing solution
if, and only if, the control and the estimation generalized algebraic Riccati equations
admit positive-semidefinite and stablizing solutions that further satisfies the spectral
radius condition. I then obtain exact conditions, which is quite standard, such that
the solution is the appropriate limit of the finite-horizon solution.

The balance of the paper is as follows. In the next section, I will summarize the
notations used in the paper. Then, in Section 3, I will formulate the finite-horizon
problem to be studied using a game theoretic approach. In Section 4, the estimation
part of the problem is solved by calculating the cost-to-come function for the problem
explicitly, which then converts the problem into a H°-optimal control problem under
full-information measurements. This full-information measurement problem is then
solved in Section 5 using standard completion of square method with a Riccati differ-
ential equation that is not a familiar one in the well-known solution to the problem.
In Section 6, I will then show that the solution to this Riccati differential equation is
nothing but a nonlinear function of the solutions to the two well-known Riccati differ-
ential equations that also reveal the spectral radius condition. Then, the well-known
solution is recovered completely in finite-horizon case. In Section 7, I further study the
infinite-horizon H°°-optimal control for linear time-invariant systems under imperfect
state measurements. I obtain a set of exact conditions for the infinite-horizon prob-
lem such that a solution exists and the closed-loop system is internally stable. Then,
I prescribe another set of exact conditions under which the optimal control strategy
is the appropriate limit of the optimal strategy for the finite-horizon case as ty | —o0
and ty T oo. An example is included to illustrate the theoretical results in Section 8.
The paper ends with some concluding remarks in Section 9.

2 Notations

Let IR denote the real line; Ry := (0,00) C R; Ry := [0,00) C R; C denote the
complex plane; C; and C_ denote the open right half and open left half of the complex



plane, respectively; C, and C_ denote the close right half and the closed left half of
the complex plane, respectively; i denotes the complex unit; Va € C, @ denote the
complex conjugate of a; N :={1,2,...}; Z; := NU{0}. Unless specified, all signals,
constants, and matrices are real. C means continuous and C; means continuous up
to kth derivative; 6% denotes partial derivative with respect to z. For a Bp (IR)-
measurable function (Pan, 2024) f : I — R" on an interval I C R, f € L,, if
(J; 1 f@) P dn)P < 00, ¥z € R”, | 2] := V2'z; |2} == 2/Qz, VQ € Sp. Sn, Spsdn,
and Sy ,, denote n x n-dimensional real symmetric, positive-semidefinite, and positive-
definite matrices, respectively; Q1 < Q2, if Q2 — Q1 € Spsan; Q1 < Q2, if Q2 — Q1 €
Sin; VQ1,Q2 € S,,. I, denotes the n x n-dimensional identity matrix. 0,,x, denotes
the m x n-dimensional matrix whose elements are all zeros. x denote some matrix
of appropriate dimensions that is not of any particular interest. I will also drop the
subscript of I, and/or 0, to denote the identity matrix and/or the completely zero
matrix, whose dimensions are clear from the context, respectively.

3 Problem formulation

Consider a continuous-time linear time-varying system:

& = Ax + Bu+ Dw; z(tp) =xo € R" (1a)
y = Cz+ Fw (1b)
z = Hzx+ Gu (1e)

where x is n-dimensional state, n € Z; xo € IR" is the unknown initial state variable
with initial guess 79 = 0, € IR"; u is p-dimensional control input, p € Zy; w is
g-dimensional disturbance input, ¢ € Z,; y is m-dimensional measurement output,
m € Z4; z is k-dimensional controlled output, k € Z; and A, B, D, C, E, H, and G
are matrix-valued functions of time, are Bp (IR )-measurable and bounded, and are of
appropriate dimensions. Under consideration is the finite horizon problem with time
interval [to,ts] C R. The H°-optimal control problem is to find v* € R such that
Vy > 7%, there exists a causal controller u(t) = u(t,%o,yp,,q), YVt € [to,tf] C R
among the set of admissible controllers M, such that the La-induced norm from the
disturbance input w and the initial state zy to the controlled output z and the terminal
state x(ty) is less than or equal to v, i.e.,

/tf |2(r)* dr + [2(t5)lg,, < (/Otf Jw(r)|* dr + |x0|§0) (2)

to

VWit ,ty) € Lo([to, tf],R?), where Qo € Sin and Qf € Spsdn are given initial and
terminal weighting matrices; and Vy < v*, no such causal controller exists. The set of
admissible controllers is defined to be (in the finite-horizon case)

M = { it [to, ts] x R" x La([to, tf], R™) — R? | p is a causal controller and
Viy € ]R",Vy[to,tf] € EQ([to,tf],]Rm), we have Ulto,t,] € I:Q([to,tf],]Rp>.}



The game theoretic approach to the above problem is to form the soft-constrained
cost function

T, (1,0, Qo, Q) i= / )P =22 ()P dr + ety =22 loold,  (3)

to

and investigate the upper value of the game inf, sup, Jy (1, v, Qo, Q) < 0, where
v is the maximizer’s strategy of choice for o € R"™ and wy,,) € La([to,ts],IR?).
It is easy to see that ~* corresponds to the infimum of set I' := {'y e R4 |
inf,, sup, J, (i, v, Qo, Qf) <0 } In the place of the H*-optimal control problem, we
are now focused on solving the upper values of a class of soft-constrained zero-sum
differential game parametrized by the performance level v € R;. When this upper
value is less than or equal to zero, than, v € I" and v* < . On the other hand, when
the upper value is positive, which will then equal to co by the linear quadratic nature
of the problem, then v ¢ I and vy < ~v*.

This class of parametrized game problem can be solved using linear quadratic
optimization if we note the following identity:

to,ty

infsup j’Y(:u’vya QOva) = inf sup B j’Y(/’La v, QO)Qf)
A7 H zoGRn'y’LU[r,O,t,f]eIQ
= inf sup sup jv (,U/, v, QO) Qf) (4)

H z(tf)ER",y[tO,tf] els JOER"aw[to,tf] ei‘2|z(tf)7y[t0,ff]

where the first equality follows since we are dealing with the upper value of the game,
and the second equality follows since this is a team optimization problem for the
suprema in the second equality, and it doesn’t matter how suprema are calculated (see
Proposition 8.36 of Pan (2024)).

The inner most supremization is over all initial condition and all disturbance wave-
form that generate the terminal state z(t;) and the measurement output waveform
Ylto,t,]- Since the controller is a causal function of Ylto.t;), then the control input is
an open-loop time function once the measurement output waveform Ylto,ty] is fixed.
This supremization can be carried out as a single person linear quadratic optimiza-
tion problem. This step corresponds to the estimator design step and is precisely the
calculation of the cost-to-come function (Didinsky et al., 1993) for the problem. This
step will be covered in the next section.

Once the cost-to-come function is calculated, which will assume a general quadratic
structure, then the problem is converted into a zero-sum full-information differential
game problem, that can be solved using standard completion-of-squares method. The
Riccati differential equation that is associated with this full-information game problem
is not familiar in general, and may suggest that the existence condition of the Riccati
equation will depend on the solution to the estimation Riccati differential equation.
This step is the control design step, which will be covered in Section 5.

In Section 6, we explicitly solve the Riccati differential equation for the full-
information game, and show that the solution is a function of the two well-known



(estimation and control) Riccati differential equations with the spectral radius con-
dition built-in. Thus, we recover the well-known solution to the H°-optimal control
problem.

To allow generality in the study, we will try to compute the upper value of the
following zero-sum differential game with the soft-constrained cost function:

ty
J’Y(:u’a v, :EOa QOa Qf) = /t (|Z(T)|2 - /72 |’LU(T)|2) dr + |$(tf)|2Qf - /72 |‘T0 - j"o|2QU (5)

where we have accommodated the initial guess &y € R"™ into the cost. It should be easy

to see that such a change is compatible with our solution methodology. The original

upper value is simply the upper value for the modified cost function with &g set to 0,,.
Now, we turn to the estimation design step in the next section.

4 Estimation design

In this section, we will compute the cost-to-come function explicitly, which is the
calculation of the innermost supremization in (4):

SHP J»Y(‘U,,I/, i'OaQ()va)
To€R™ Wiy 1) €L2|2(tf) Uity .t 4]

=: W’Y(tfa ZL'(tf), u[to,tf]ay[to,tf]) + |:C(tf) |?2f

This is a one-person linear quadratic optimization problem. To avoid singularity,
it is assumed that

Assumption 1. E(t)(E(t)) := N(t) € S+ m, Vt € [to,tf] C R.
We will seek a causal solution in quadratic form:

W’y(t; z, U[to,t]ay[tu,t]) =—|z— A1) |?E(t)),1 +n(t)

Then, the initial condition at t =ty for W, is

-~ (2
WW (tO; o, u[to,to] ) y[to,to]) = - |:L'0 — To |72Q0

and the cost-to-come function W, further satisfies the partial differential equation:

sup (7 ow, oW,

o= S AW () + B(u(t) + D(tw(t)

w(t)|y(t)=Ca(t)+Ew(t)

HH()2(t) + G)u(t)) (H(H)(t) + G(tu(t) - 72(w(t))’w(t)) =0

O O (Afeye(r) + B + (H)(0) + GOy (H(Da(t)
1 oW\’ |?
+G(But) =" [y(t) = CH2(t) + 5z EOD®) (57
(Bu(t) = 7* | (6) = COal) + 52 EODOY () (v




1 oW, ,(OW, N\
+ 17 ga DODD) (52) =0

where the worst-case disturbance input is (applying Lemma 5 of Pan and Basar (2000))

(6)

wop(t) = (E(1))' (N ()~ (y(t) — C(t)x(t)) —
oy (B

55y — (B(®) (N(#) T E(t)
(7)

Here, the derivation follows closely to the derivation in Appendix B of Pan and Basgar
(2000). We will just summarize the result here.

Q(t) == (H(1) H(t); P(t):= (H(t))'G(t); R(t):=(G(1))G(1); L( ) = D(t)(E(t))
S(t) = (A(t) — LN (@) O())5(t ) L)(AR) - (t)(N( )~ ( )

=S()((CE)) (N (1) 7IC(t) — QE)S(t) + 1~ D(E)(D(1))

=y 2LE)(N ()7 (L) E( 0) =" Qo (8a)
At) = (A(t) SHQE)A + B(t)u(t) + B()P(tu(t) + (*B()(C (1))

+LO)N ()7 (y(t) — COAE): - Alto) = Fg (8b)

0(t) = (HOAE) + G(t)u(t)) (H(t)/\(t) G(t)u(t))

7 [y(8) = COAWD) [(yy-r 3 o) =0 (8¢)

The inner supremum has a finite value if there exists a positive definite solution ¥ on
the interval [to, t ¢]. We will define & := 423, then ¥ satisfies the well-known estimation
Riccati differential equation

S(t) = (A(t) = LN ()T CE)S(H) + ) (A1) — LNV (®) ' C (1)
=SOCH) (N®))TCE) = 72Q(1))E () + D()(D(#))
—LON () TH(LE®); B(to) = Qg (9a)

We will also define & := A, which is the estimate of the state x based on the form of
W,,. Then, ¥ satisfy the following dynamics:

() = (A@t) +77*SMQ)T + B(t)u(t) + 17 L) P(Hu(t) + (B()(C(1))
+L(t))( )" y(t) = CE(t);  i(to) = o (9b)

The cost function J, (5), admits the following equivalent form:

ty
T (1 v 0, Qos Q) = |2(ts) gy, =7 |2(ts) = E(t) [(se, ) +/t (| H(®)z()

+G () [ =72 [y(t) = COZO) [ )1 — 7 [w(E) = wop(t) [*) dt (9¢)



The upper value of the differential game is then equal to

infsupJ»Y(u,l/,jo,Qo,Qf):inf sup _ (W’Y(tfﬂz(tf)vu[to,tf]vy[to,tf])
Hov H @(t;)ER™ Ypeg e ;1€ L2
ty
Hatt), ) =it sw ([ T(H®G + GOuw P -2 |0
" z(tr)€R™yp0,e,1€L2 o

- 2 .
OO0 [y ) A0+ [2(t9) B, =72 [(tr) = 3(05) Py, - ) (10)
and worst-case disturbance input is

wop(t) = (E(1))' (N ()™ (y(t) — C(t)a(t)) + (I, — (B(1)) (N (1)) " E(1)
(D) (5(1) ™ (a(t) — (1)) (11)

We will complete a square for the last two terms in (10) and maximize out the terminal
state z(tf), which is finite if v2(2(t¢)) ™! — Qf € St . The worst-case x(ty) is

x(ty) = V(P (E) T = Qp) T (E(ty) M (ty) = (In — v B(tg)Qp) M (ty) (12)

and the upper value is equal to
inf sup Jy (1, v, Zo, Qo, Q)
v

= inf sup / f(|H(t):E(t) +Gtult) [P —+*|yt) — Ct)a(t) |?N(t)),1) dt

" Yeg,tp1€02 "~ to
() e ; ; S )
TS 2 (S() 71 (2 (S(t) 1= Q1) 712 (S(t) 1 =72 (5(t))

= inf sup / f(|H(t);i:(t) +G(tut)|® =2 |y(t) — Ct)a(t) |fN(t))71) dt

w y[to,tf]€E2 to

. 2
12t 1) (7, -y 20,501, ) )

This now is an upper value calculation of a full-information game with (9b) as the
system dynamics and (13) as the soft-constrained game cost function.
An equivalent form of the cost function (5) is given as follows, by (9¢).

. _oS 1 2
J’Y(Ma v, anQO;Qf) == |:C(tf) - (In - 2E(tf)Qf) 1£L'(tf) |72(i(tf))71*Qf

ty
H12(t0) B 20,5010, + / (| H(1)#(t) + G(t)u(t)

2 [y(t) = COFO gy~ [wlt) — (BQ)Y (N (@)™ (y(t) — C0)z(t))
(I, ~ (B@) (N0) " E@)D®) (S(0) ™ (e(t) — 2(0) [*) dt (14)



Now, we turn to the control design in the next section.

5 Control design

In this section, we will solve the full-information soft-constrained zero-sum differential
game problem with (9b) as the state dynamics and (13) as the cost function. Instead
of maximizing over y, ;]» We can equivalently maximize over vy, ;. since we are
interested in the upper value of the game, where v(t) := y(t) — C(¢)&(t), Vt € [to,t5] C
R. In terms of v, we have the dynamics of & is given by

() = (A(t) +y?S(HQ1)E + B(t)u(t) + 77 *S(t) P(t)u(t) + (B()(C(#))’
+LO)N (@) o(t);  #(to) = o (15)

and the upper value of the game is equal to

t
infsup T (.0, Qo @) = infswp ([ (@0 + Gttt

'U[to,tf]EEZ to
. 2
- | | (N(t))-1 1) dt+ |2 (ty) |(In*772in(tf))7le ) (16)
This is a standard game problem, and we make the following assumption to avoid
singularity in the optimization.
Assumption 2. R(t) = (G(t))'G(t) € S4,, Vt € [to,tf] C R.

Then, the solution to this problem can be obtained if the following Riccati dif-
ferential equation admits a positive semi-definite solution on the interval [to,ts].

Onxn = Z(t) + Z(t)(A(t

u(t) = propt(t: Z0, Yjty,1) = —(R()) T ((B(t) +7*E()P(1)) E(t) + (P(t))E(t) (17b)
and the worst case measurement waveform is
y(t) = C)E(t) +~72(COE() + (L(1))E()Z(1) (17c)
and the upper value of the game is

iﬁf sup J (1, v, Zo, Qo, Qy) = |To |25(t0) (18)



Clearly, the upper value is zero if £9 = 0,,.
Using the solution =, we can obtain the following equivalent form of the cost

function J,, (p, v, Zo, Qo, Q) (5),
‘]’Y (:u‘v v, i'Ov Q07 Qf) = - }l'(tf) - (In - 7_22(tf)Qf)_1j(tf) }’2)’2(2(7#))71_621‘

10 ) + / (Ju®) + (RO (B + 1 SOPE)E() + (PO )#(0) 4,

—y »y C(OF(E) =y 2(CHD) + (L) )ZBED) |y 1))
—2 Jw(t) — (BE) (N(1) " (y(t) — C()z(t) — (I, — (@) (N () E(£))(D(t))’
)|*) at

-(i(t)) (ac(t — &(t)
= —|a(ty) — (In — 7 2S(tr)Qr)  a(ty
+ 190 |2y + / (ult) + (RW) (B + 7 *SOPOYE() + (PO )2(0) [,

=7 Jw(t) = (I = (E®) (N (1)) E@)(D) (S(t) ™ (=(t) — &(t)
HE®)Y (N ) O () - 3(8) =7 2(CHE) + (L) )Z@®) ) dt (19)

2
| Y2(E(ty) 7 -Qr

Therefore, the worst case disturbance waveform is given by
w(t) = wopi(t) = (I, = (E(#))' (N (1)) E(®))(D(t)) (2(¢ :
—(B()) (N@®)"HC@®)(x(t) — &(t)) =7 (C)E() + (L(1)))=(t)2(1)) (20a)

and the worst case terminal state is

Topt(ty) = (In — 7 °S(ts)Qr) & (ty) (20b)

We have solved the H*°-optimal control problem in a sequencial fashion. But,
the second Riccati differential equation (17a) depends on solution to the first Ric-
cati differential equation (9a), and is not the well-known control Riccati differential
equation.

In the next section, we will present an explicit formula that solves = as a function
of ¥ and the solution to the well-known control Riccati differential equation.

6 Finite-horizon case

The well-known control Riccati differential equation is as given below:

Z(t)+ Z(#)(A(t) — BO)(R(1) T (P(®)) + (A(t) — B)(R(t) " (P($)) Z(¢)
—Z(®)(B)(R®)"H(B()) —y2DH)(D(1))Z(t) + Q(t) — P()(R(t) " (P())’
= Opnxn; Z(tf) = Qf (21)

10



Based on the terminal condition for =, we conjecture that

[1h

2(t) = (I —2Z(0)S(1) " 2(t) = Z(1) (22)
We will show that = satisfies the Riccati differential equation (17a) by brute force.
Clearly, = satisfies the terminal condition of (17a). To simplify things, we will introduce
the notations: A(t) := A(t) — B(t)(R(t))_l(P(t))’,NS(t) = B(t)(R(t))"1(B(t)) —

12D@)(D(E)), Q) = Q(t)—P(t)(R( )) ( (t))", A( A(t) = LE)(N (1)1 C(1),
R:= (C(#))(N(1)7'C(t) = 772Q(t), M = D(t)(D(#))" — L(t)(N(£)) " (L(t))", Vt €
[to, 7] C R. Then, we have

S = AN+ SA SRS+ M; S(t) = Qg
7 =-AZ-ZA+7ZSZ—-Q; Z(t;)=Qy

and
E = (I, =y 228) 7 2 — (I, — v 228) (=228 — 2281, — v 225) "' Z
= (I, =228y Y -AZ - ZA+ 257 — Q) + v (I, —y2Z%)" 232
Ay T2ERE
= (I, -y 228 'AZ -ZA4+ 257 — (I, — v 2Z%)'Q
42T, =y 228 (-A'Z - ZA+ ZSZ — Q)LE
+7 22(AL + SA' — SR + M)E
= (I, -y 228 'AZ ~ZA4+ 257 — (I, — v 2Z%)7'Q
(I, =y 2ZE) YA ZYE — 4T PEASE 4 4 2ESZYE — 42 (1,
—2Z8)TIQEE + v 2EASE 4 4T 2ESA'E — 4y T2ESREE + T 2EME
= —(I, =y 2ZE) YA (I, + v 2 Z8(1, — v 228) ) Z - EA
+ES(L, + 2281, — v 2Z8) N2 — (I, — v 2Z8)7'Q
—yT2EAYE — 4731, —yT2ZE)TIQXE
44 2EASE + 4 2ESA'E — 4y T2ESREE 4+ 4T 2EME
= (I, -y 2Z8)TAE - EA+ESE— (I, — v 2Z%)71'Q
—T2EASE — (I, — 2Zz) o=
+y2EAYE + V—QEEA’E — 4 2EXRYE 4+ 4 2EME
Note that (E(t)) = Zt)I, — v 22()Z(t)~ = Z@t)(I, + v 221, —
2B 120) = 20 4y SZOBOE — oy ZOSG) 120 = (I +
ZOEW)In = y2ZOEW)1)Z() = (In =y 2Z(H)E@) 1 Z(t) = ;( ), Vt €

[to,tf] C R, by standard matrix identity. Then, Z() € S,,. Using this in the = formula,
we have

E=—(I,— 7y ?Z8) TAE - ZA(I, +77EE) + 252
(I, =y 2Z%)'Q(I, + v 2%%)



EYA'E -y T2ERREE + 4 2EME

= (I, -y 2z%) 'AZ - :A(I +4728Z(I, —4*22Z)" ) + 282
—(Infv’QZS)’lQ(I + 222(1 - 222) )

= (I, —y2z%) 1A
—(I, =y %2Z%)~ Q(I — 222)
474 2EAYE + 4 2ERA'E — 4y 2EEREE 4 4 2EME

Plug the expressions for = and Z into the right-hand-side of (17a), we have

E+E(A+7728Q) + (A+77°SQ)E - 2((B+2SP)R™ (B +4725P)
—yASC+ LN HEC + LY)E+Q

(I, =y 2Z8)TAE - EA(I, — Y22 — (I, —~2Z8) QUL — v*E2) !
+’7 2ZASE + 47 éi[lé—’y*Q:iRi;ﬁ-’y*Q:Mﬁ ES5=
(A+7 2Q) + (A+7EQYE-E((B+y*SP)R™Y(B+~7?EP)
“HBC' + L)NTHEC + L))E + Q
= (1 —y2Z8)TTAE 4+ A2 - ZA(I, —4?22) 1 4+ 24

—E(B+~7?ESP)R (B +~72EP) —y*(£C’ + L)N (ZC’ +L))Z
+Q — (I, —v72Z8)7'Q(I, —*22) 1+ 27 22Q 4+ Qv 22E
= (I, =228 Y I, =y 228 - )AZ+ ZA(I, — v *3Z — I,)(I, —¥*£2)~!
47 T2EASE + 7 2ERA'E — 4y T2ESREE + E(S + 77 2M)ZE
~Z(BR'B' +y?SPR'B' + BR™'P'y Y + v 2SPR'P'y %%
—2EC'NTICE — 4y 2LN7ICE — 4y 28C' N7 — LN~y 212
+Q(L, + 1 22Z(L, —v*E£2) Y — (I, — *222) 'QU, —*S2) M+ 247280
—T2ESA'E — 4y TIEASE + vy 2EASE 4 22X A'E — v T2EXREE
+Z(BR™'B' —y2LN'L))=
—Z(BR™'B' + ¥y 22PR™'B' + BR™'P'y 2% + vy 22 PR 1Py 72%
—y2EC'NTICE — 4y 2LN7ICE — 4y 28C' N~ —y2LN~'L)Z
QL =*22) 7 = (I =72 Z8)7'QU, —*22) T + EvEQ
“25(A - A)LE + 7 2ER(A — A)E — 4y 2EXREE
—E(y2SPR'B' + BRT'P'y 22 + v S PR Py 2%
—2EC'NTICE — 4y 2LNTICE — 4y 2EC'NTIL)E
+(I, =y 2Z28) I, =y 228 - I,)Q(I, —¥*£2) ' 4+~ 22
Yy ?Z(~LN~'C+ BR'P)E= + 4y 2ES(-LN~'C + BR™'P’
~E(y ?2PR'B'+ BR™'P'y ?Y + v ?S PR~ 1P’ 2%
—T2RC'NTICE — 4y 2LNTIOY — 4 2EC'NTIL)E
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+7*ZEEQ( 222 L)(I, — 222)
~R— 7‘2PR PP O'NTIC —4T2Q)%E
—C'N7'C+~72Q -~ ?PR'P' + C'N'C — v *Q)SE = Opxn

[I]I

—_

Hence, = is the solution to the Riccati differential equation (17a) by uniqueness of
solutions to ordinary differential equations.

Thus, under the assumption
Assumption 3. The generalized Riccati differential equations (9a) and (21) admits
solutions on the interval [to,tr], and they satisfy the spectral radius condition: all
eigenvalues of the matriz ©(t)Z(t) (which are nonnegative real to begin with) are less
than 2, Vt € [to, tf] C R.

Then, the upper value of the game with cost function J,(u, v, %o, Qo, Qr) (5) is
finite, and is equal to | Zg |é(t0) = |Zo |?In,—7*22(to)Qo’l)*1Z(to)‘

We summarize the above finding in the following theorem.
Theorem 1. Consider the continuous-time linear time-varying system (1) with the
soft-constrained zero-sum game cost function (5) with Qo € S+, and Qf € Spsdn-
Let the matriz-valued functions A, B, D, C, E, H, and G be bounded and Bg (R)-
measurable on the interval [to,ts]. Fiz any v € Ry, if Assumptions 1 — 8 hold, then
Y(t) € S, Z(t) € Spsan, Vt € [to,tf] C R, and the upper value of the game is finite
and given by |j0|é(to) = |jo|?In77,22(t0)Q;1),1Z(t0). Furthermore, a controller that
achieves the upper value is given by

(t) = (A(t) + 77 E(0)Q1)E(t) + B(t)u(t) + 7 *S(H) P(t)u(t) + (S()(C (1))

+L()(N ()" (y(t) = C2(1):  #(to) = o (23a)
u(t) = popt(t, L0, Yjto,1)
= —(R(®))"H((B®)'Z(t) + (P(1)))(In =7 *2()Z(t)) " 2 (2) (23b)
Define
#(t) = (In =7y 722(H)Z(1) " () (24)

Then, the corresponding worst-case disturbance waveform and worst-case initial
condition is given by

2(t) = (A(t) = B{O)(R(6)) " ((B(1))' Z(t) + (P(1))") +~~D(#)(D(1)) Z(t))2(t) (25a)
w(t) = wopt(t) =77 2(D())' Z()2(8) + (E®)) (N (1) "HCH)E () + (L)) (E(@)

(2(t) — z(t) + (D)) (3(t)~ 1(:c(t) Z(t)) (25Db)
zo = 2(to) = (In — 7 2Qy ' Z(t0)) & (25¢)

Proof. By Proposition 9.4 of Bagsar and Bernhard (1995) and the fact that ¥ and Z are
solution to the generalized Riccati differential equations (9a) and (21), respectively,
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we have £(t), Z(t) € Spsan, Vt € [to,tf] C R. Since Qo € Sin, then X(t) € Sy,
Vt € [to,tf] C R.

Note that (17b) is identical to (23b). Note also that the worst-case disturbance
policy (20a) is identical to (25b) as follows.

Wopt (t) = E'N~HCi +~y2(CE+ L)=% — Cx) + (I, — E'NT'E)D'S™ (2 — )
=FE'N'C@@ —2)+y 2E'N'L'Z3
+(I, - E'N'E)YD'S™ (v — &) +y%(I, - EEN"'E)D' Z&
=EN'C@@—2)+(,—EN'E)D'S (2 —2)+~7 2D Z3
=y 2D'Zi+ EN N CE+ LS g —2) + D'z —3)
We have the following equivalent form of the cost function (5), by (19),

o2& 1. 2
J (,u,y anQOan }-T tf (In_’7 22(ﬁf)CQf) 1x(tf)},y2(g(tf))71

+a0 g + | Of [ult) + (RW) 7 (BO)Y Z(0) + (PO))2(0) [,

=7 Jw(t) =7 (D®)) Z()a(t) — (B(®) (N(6) " (COD(E) + (L(1))(
(#(t) — 2(8) = (DO () (@(t) - 2(1)) ") dt (26)

—Qrf

\gl
—~
~+
~—
~
|
=

Hence, the controller piop¢ given by (23) achieves the upper value | &g |é(t0).

To show the corresponding worst-case disturbance waveform and worst-case initial
condition is given by (25), we will obtain the dynamics for & under the optimal control
law (23) and the maximizer policy (20).

b= (I, -y 282) i+ 2L, — 7 282) (22 + £2) (I, — v 282) i
= (I, =7 222)  ((A+~722Q)3 — (B+~2EP)R™YB'Z + P&+ 3(2C
HL)N"YCE + LE&) + v (I, — 7 282) 'S Z8 + 7 2(I, — v 252)"'S24
(In =7 7*22) " (A +77°2Q)(In — 7y ?E2)2
—(In —y282) B+ 2EP) RN (B'Z + P)i
21, —y2EZ) N EC + LN CE+ L) ZE
+7—2(1n — 7—222) VAL Zi 4+ 4721, — 47 282) 1S A Z7
(I, — v 22Z)"'SRYZ% + v 2(I, — v °22)"'M Z#
(I, 22 I8A Zh — (I, — R Z) IS Z A
I, =y 282) 182878 — 21, — 7?2 2) T EQk
= (I, — *222) YA(L, —77222) + 47 2A%2)d
Y2, =y 2E2)TIEQ(L, —y2E2)%
—(I, =y *82)" B+~ ?SP)R"Y(B'Z + P2
2, =y 282N EC + L) NTHCE+ L) Z4
"I, =72 IS(A - ANZE -~ (1, —yT2R2) IS Z AR

\_/\.//\\./
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21, =y 22Z)'ERYZE + 21, — v 22Z) M Z#

21, —yT2E2) I8 2828 — (I, —yT2E2)TIEQ%
= (I, —y7222)" (A - 772LN7102Z):2"

+y 2 (L =7 PEZ2) IR (QU — T EZ) - Q)

—(I, =7 *2Z)"YBR'B'Z+~?2PR'B'Z+ BR'P' + vy 2SPR'P")i
Y

2, =y 2E2) N EC'NTICE+ LNTICE+ SC'NT 'L + LN7'L) Z3

4y 2(I, =y 282) 'S(PR™'B' — C'N"'L)Z& — v (I, — v 282) 'S Z Ai
(I, =y 2EZ) ' SRYZE + v (I, —y222) M Zi

(I, — 7257 72873

+y 2 (I, — (PR™'P' —~72Q%2)2
—(I, — *222) R™'B'Z + BR™ 1P’ +~y?SPR'P)i
731, —v728Z)"YEC'NTICS + LN7'L) Zi
I, =y Z)TIS(C'NTIC = 4 T2Q)E 2 + 2 (1, —y2R2) I M Zi
+y (I, — 7—222) WAV A
= Az +~y"HI, -y 22Z)"'SZBR'P':
—(I, —~v7%%2) 1(BR*B’Z + BR™'P")#
+7_2(In 282NN Z4
+y I, =728 2) M Zi
R i O I e WA R WAV £
= A2+~ (I, -y *82)'£ZBR'P'2 — (I, —y *£Z) " 'BR'P'3
~(I, =y *8Z2)'BR™'B'Z& + v (I, — v *%2)"'£287%
+y 731, -y 2£2)"'DD'Z%
= A — BR™'P's
—(I, =y 282)'SZ3 4+~ 2(I, — v 222) 1228274
= A% — BR'P's — BR™'B'Zi+~72DD’'Zi
= A2~ BR Y (B'Z+ P& +~y?DD'Z#

)7'S

= (I, - *222) tAd =y (I, — 7 ?E2) IS Z A0
VAR
'(BR

The dynamics of  under the optimal control law (23) and worst-case disturbance

policy (20) is given by

&= Az — BR Y B'Z+ P)i+~2DD'Zi+ D(D' — EN"YL'+ CE)E H(z — )

Since the worst choice for z(ty) is &(ty), then z(t) = &(t), V¢ € [to,ty] C
by the uniqueness of solutions to ordinary differential equations. Hence, w(t)

R

y~2(D(t)) Z(t)2(t) since z = & on the interval [tg,ts]. This proves that the worst-case

choice for xq is Z(tp) and the worst-case disturbance waveform is given by (25b).
This completes the proof of the theorem.
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7 Infinite-horizon case

In this section, we consider the infinite-horizon case of the H>°-optimal control problem
under imperfect state measurements. The system under consideration is (1), where
A, B, D, C, E, H, and G are constant matrices of appropriate dimensions. The time
interval under consideration is IR, and z(—00) = &g = On, W(—co,00) € L2(R,RY),
Qo = ool,,, and Q5 = 0,,%,. The cost function is

JWOO(Ma V) = toi—loioH%fToo J’Y(:u’ v, j(ﬁo)’ o0ln, 0nxn) (27)

where p is restricted to internally stabilizing causal linear time-invariant controllers,
i.e., we have the set

M= {p: RxR" x Ly(R,R™) - R? ‘ i is an internally stabilizing

linear time-invariant causal controller. }

Then, the generalized Riccati differential equations (9a) and (21) are given by

S = AN+ SA — SRS+ M;  S(to) = Opxn (28)
Z=-AZ-ZA+7Z8Z—Q; Z(t;) = 0pxn (29)
where tg | —oo and t;y 1T co. We will denote the solution to the above generalized

Riccati differential equations by X(¢;to) and Z(¢;t;). We seek stabilizing solutions to
the generalized algebraic Riccati equations

Ao + S A — S RE o + M = 0,501, (30)

AZo+ ZooA — 2008700 + Q = Onn (31)

such that Ay := A-S R, Afy := A-X C'N~'C, A;; .= A-BR™'B'Z,,,and A; :=
A -8
—Q - A

the control generalized algebraic Riccati equation (31) and H, := [

A — 57 are Hurwitz matrices. Let H, := [ } be the Hamiltonian matrix for

!/
_AM _1};] be the
Hamiltonian matrix for the estimation generalized algebraic Riccati equation (30).
Then, we have the following results.
Proposition 2. Consider the Hamiltonian H, € R*"**" under Assumption 2. The
generalized algebraic Riccati equation (31) admits a solution Zs, € R™™ such that
the matriz Ay is a Hurwitz matriz (then Zo is called the stabilizing solution) if, and

only if, H. does not have any eigenvalue on the imaginary axis and its stable invariant
) X . o .
subspace is span < [Xl} ) with X1, X, € R™" and X, is invertible. Furthermore,
2

under the above condition, the stabilizing solution Z is unique and Zo, = Xngl €
Sn.

Proof. This is a direct consequence of Theorem 13.5 of Zhou et al. (1996). O
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Proposition 3. Consider the Hamiltonian H. € R*"**" under Assumption 2. Let
the generalized algebraic Riccati equation (31) admit the stabilizing solution Zs € S, .
Then, the following statements hold.

(i) Then, the pair (A — BR'B'Z.,D) s stabilizable, the pair
(A — BR'B'Z,,v'D'Zy) is detectable, and therefore the pair
(A— BR'B'Zy,v 2ZsoDD'Z.,) is detectable.

(11) Zoo € Spsan if, and only if, the matriz flfl = A—BR™'B'Z., is Hurwitz. Under
this assumption, then the pair (A, B) is stabilizable, and the pair (A, B'Zs,) is
detectable, and therefore the pair (A, Zoo BR™'B'Zy,) is detectable, and the pair
(A,Q+ v 2ZwDD'Z,.) has no unobservable mode on the imaginary axis.

(iii) If the pair (A, Q) is detectable and Zoo € Spsan, then, we have limy 100 Z(t;t5) T
Zoo, 1. €., Zso 1S the least positive semi-definite solution to the generalized algebraic
Riccati equation (31).

(i) If the pair (A, Q) has no unobservable mode in C_ and Zoo € Spsan, then we
have Z, € St .

(v) Zoo € Spsan implies that the pair (A,Q) has no unobservable mode on the
1maginary aris.

Proof. (i) Since Z is the stabilizing solution to generalized algebraic Riccati equation
(31), then the matrix A — SZo, = Af1 + v 2DD’'Zy is Hurwitz. Then, we have the
pair (A1, D) is stabilizable (with the stabilizing controller gain of y~2D’Z.), and the
pair (Af1,7 1D’ Z) is detectable (with the stabilizing observer gain v~!D). Then,
the pair (Af1,7 2ZwDD'Zs) is detectable.

(ii) Let Zoo € Spsdn. Then, we rewrite the generalized algebraic Riccati equation
(31) as

N1 Zoo + ZooAp1 + Zo BR™'B' Zoo + 7 ZooDD' Zog + Q = O,

By the detectability of the pair (As;,7 2ZDD'Zs), we have the pair
(A1, ZooBR™'B'Zoo + 7 2Z0oDD' Zoy + Q) is detectable (since the matrices Q €
‘S_'psdn and ZooBR™'B'Z, € Spsdn)- Then, by Zo, € Spsan, we must have the matrix
Ag is Hurwitz.

On the other hand, let the matrix [lfl be Hurwitz. Then, the algebraic Riccati

equation

AZ+ZA—ZBR 'B'Z +~ 2ZoDD'Zoo + Q = Opxn, (32)
admits the stabilizing solution Z = Z.,. By Theorem 13.7 of Zhou et al. (1996), we
have Zo € Spsdn-

Under this assumption, by Theorem 13.7 of Zhou et al. (1996), then the pair (A, B)
is stabilizable and the pair (A4,Q + 7 2Z,DD’'Z,,) has no unobservable mode on
the imaginary axis. It is clear that the pair (A4, B) is stabilizable if, and only if, the
pair (4, B) is stabilizable. Furthermore, the pair (A4, B'Z,,) is detectable (with the
stabilizing observer gain —BR™1). Then, the pair (A, ZowBR™'B'Z,,) is detectable.

(iii) Let the pair (4,Q) is detectable and Zo € Spsan. Then, by (ii), the pair
(A, B) is stabilizable and Ay is Hurwitz.

It should be clear that Z(¢;ts) is nondecreasing in t¢, that is Z(t;ts1) < Z(t;t52),
Vit € Rwitht < tg1 < tpo. Then, Z(t;ts) > Opxn, Vt, t5 € Rwitht < ¢f. Since
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Z is a solution to generalized Riccati differential equation (29), with terminal value
Z(tgitf) = Zoo > Opxn, then, we have Z(t;tr) < Z, Vt,ty € R with ¢t < ty. Thus,
limg 100 Z(t;t5) =: Zs, where Z,, must be the least positive semi-definite solution to
the generalized algebraic Riccati equation (31). This implies that Zo, < Z

Since the pair (A, Q) is detectable, then the pair (A;1,Q + ZowBR™'B'Z,) is
detectable, where Ap = A—B_R_lB’ZOO. This further implies that the pair (A1, @+
ZowBR'B'Zy + 7 2ZwDD'Z,) is detectable. By

A1 Zoo + Zoo A1 + Q + Zag BR™'B' Zog + 72 ZooDD' Zoy = O

and Z,, € Spsdn, then the matrix Af1 is Hurwitz.

We will show that the matrix A — SZ., is Hurwitz, then by Proposition 2, we have
lim¢ 1o Z(t515) = Zoo = Zoo. This then completes the proof of (iii).

By the detectability of the pair (4, Q), there exists a T € R™*™ and T is invertible
st 1147 = | A2 8 pigr =[98 o [B] r g~ (2]

B,R™'B! —~72D,D! B,R 'B.—~72D,D, Sy Soo

BsR™'B! —~y2D;D!, BsR™'B, —7—2DODJ = {S’ S5
(A,,Q,) is observable, and A; is Hurwitz. Here, we just partitioned the system into

T-1ST~" = [ , the pair

observable and unobservable parts, and all partitioning are compatible. Let 200 =
T'ZsT and Z :=T'ZT, then

Z 4+ (T ATY Z + Z(T~AT) — Z(T*8T~")Z + T'QT = Opyn: Z(t) = Opxn (33)

Now, partition Z compatibly as [ ZZ,O ZZf’? ] Then, it is easy to check that Za(t) =0
and Z,5(t) = 0, Vt € [to,ts], and Z, satisfies the generalized Riccati differential
equation

Zo+ AL Zo+ ZoAy — 208070+ Qo =0;  Zy(ty) =0 (34)
= . limy 100 Zo(tits) O Z, s
Then, Zo = hmmOO (t;ty) { ) 7) O} = { o 8} and Z, is

positive semi-definite. By the stability of the matrix zflfl, we have the matrix
A, —B,R™'B.Z, 0

Aso — BsR™B. Z, A,
is Hurwitz. By the observability of the pair (A4,,Q,), we have that the pair
(A, — B,R™'B/ ZO,QO + Z,B,R~ B Z O) is observable, and then the pair (A, —

BoR™'B!Zy,Q0 + Zo(BoR™1B!, +y~2D,D!)Z,) is observable. Note that Z, satisfies
the generalized algebraic Riccati equation

is Hurwitz, and therefore the matrix A, — BoR_lB(’)Z:O

A7+ ZoAy — 208070 + Qo =0 (35)



which can be written as

(A4, — B,R'B.Z,) Z, + Z,(A, — B.R"'B.Z,)
+Z4(BoR™'B., + 7y 2DyD) Zy + Qo = 0

and hence ZO is a Qositive definite matrix.
The inverse of Z, then satisfy the following Riccati equation:

VA~ A2~ Z7'Q0 2 + 5, =0 (36)

o
Since Z, = limy oo Zo(t;ty) is the least positive semi-definite solution to (35), then
Z ;1 is the maximal solution to the Riccati equation (36). (Since any solution Z, to Ric-
cati equation (36) with Z > Z 1 then it is positive definite and 1nvert1ble such that
51

o

satisfies generahzed algebram Riccati equation (35). Now, 0 < Z < ZO, by the

minimality of ZO, we have Z 1 Z Hence the maximality.) Since the pair (4,, Q,) is
observable, then the pair (—A4., —Q,) is controllable. By (i) of Theorem 13.11 of Zhou

et al. (1996), we have the matrix —A! — Q,Z,* has all e1genvalues in the closed left-

half of the complex plane. Then, by the fact that Z YAl —QuZ; V)2, = A, — S, ZO,
we have the matrix A, — S, Z, has all eigenvalues inside (C_. This then implies that the
A, — 8,2, 0

matrix | _

Ao —8.7 has all eigenvalues inside C_. Thus, the matrix A — SZ,
has all eigenvalue 1n51de (C_. By Z. be the stabilizing solution to the generalized alge-
braic Riccati equation (31) and Proposition 2, the Hamiltonian H, has no eigenvalue
on the imaginary axis and exactly n eigenvalues in C_ and the other n eigenvalues in
Cy4. Then, Z,, being a solution to the generalized algebraic Riccati equation (31), by
Theorem 13.2 of Zhou et al. (1996), the matrix A — SZ,, must be either Hurwitz or
has at least one eigenvalue inside C. Thus, we conclude that the matrix A — SZ.,
must be Hurwitz, and Zo = Zoo

(iv) Let the pair (A4, Q) has no unobservable mode in C_ and Z. € Spsan. Then,
by (ii), Ay is Hurwitz. It is easy to prove that if the pair (4,Q + v 2ZDD'Z)
has an unobservable mode A € C_, then X is also an unobservable mode for the
pair (A, Q), which is a contradiction. Therefore, the pair (4,Q + v 2Z, DD’ Z,,) has
no unobservable mode in C_. By Theorem 13.7 of Zhou et al. (1996), we have the
algebraic Riccati equation (32) admits the stabilizing solution 7 =0y c Sin.
( ) By (ii), the pair (A, II) has no unobservable mode on the imaginary axis, where

= Q+~v2ZDD'Z,,. Then, we will partition the pair (A,II) into observable
and unobservable parts, and further partition the unobservable part into stable and
anti-stable parts, and lump the anti-stable unobservable part into the observable part.

There exists a 7' € R™ ™ and T is invertible such that T-'AT = [f"l AO }
00S 4165

II,; O
00
modes of the pair (A, II), and 4,1 contains all the observable modes and unobservable

TTIT = [ ], where the matrix Asgs contains all the unobservable but stable
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and unstable modes of the pair(_fl, II). The matrix Agg is Hurwitz. The pair (Ao1,1,1)
has no unobservable mode in C_. By Zs € Spsdn and Ay; being Hurwitz, we have
A -BR'B

that the Hamiltonian matrix H, := [H X

} is in the domain of the Riccati
By
By

pair (A,TI). Then, the Hamiltonian H, expressed in the new coordinate is H, :=
Aot 0 —BlRilBi —BlRilBé

operator. Let T7'B = [ }, where the partition is compatible with that for the

Forg g [THAT —T7'BRTB'T™] _ | Asos Ass —BaR™'Bj —BsR™'By
‘ —Tmr —T"A'T™ _Hol 0 _Aijl _Alaos ’

0 0 0 —AlLg
where T := g TO_, . Since H, is in the domain of the Riccati operator, it must have

no eigenvalue on the imaginary axis and further satisfy the complementarity condition.

Since Asg is Hurwitz, then the stable invariant subspace of H, must be of the form
X1 0

§12 ng where X5g consists of all eigenvectors and generalized eigenvectors of
21
X9 O
-1
X1 0| [ X1 O Zo1 0 Zo1 0
P 4 frnd = frnd
Ass. Then, T'Z T {Xzz 0] [Xu Xos} |:ZooS 0} [ 0 o0l where the

first equality follows from the Proposition 2; the second equality follows from the
structure of the left-hand-side; and the last equality follows from Proposition 2. Then,

we have Hgl g} =TT = T'QT + v 21" Z, TT 'DD'T'T'Z.,T = T'QT +
/
—2 {ZOlDloDlzd 8] , where we have plugged in the structure for Z,, and T-1D =:

[gl} and the partitioning is compatible with that of A. Hence, T'QT = [Q(;n g]
2

By Zo € Spsan, we have Z,; is positive-semidefinite. By the structure of T-1AT
and T/ZOOT, we have that A,1 — (BlRilBi — ’)/72D1D/1)Z01 and A, — BlRle{Zol
are Hurwitz, since A — SZ. and Aj; are Hurwitz. By generalized algebraic Riccati
equation (31), we have Z,; satisfies the following algebraic Riccati equation:

AL\ Zot + Zor Aot — Zot BIR™' B} Zo1 + 1151 = 0 (37)

Then, Z,; is a positive-semidefinite stabilizing solution to algebraic Riccati equation

(37). By (iv) and the pair (A1, 1) having no unobservable mode in C_, we conclude

that Z,; is positive definite. Substituting the expression for II,; into algebraic Riccati
equation (37), we have

Al Zot + Zor1Aot — Zor(BIR™' B} — 7 2D1 DY) Zo1 4+ Qo1 = 0 (38)

Then, Z,1 is a positive definite stabilizing solution to generalized algebraic Riccati

equation (38). This further implies that Z 0_11 is positive definite and — A/, — QolZo_l1
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is Hurwitz. Thus, the pair (—A;, Q.1) is stabilizable, and the pair (4,1, Qo1) has no

Asos Ass 00
has no unobservable mode on the imaginary axis, since Azg is Hurwitz. This is
equivalent to the pair (4, Q) has no unobservable mode on the imaginary axis.

This completes the proof of the proposition. O

unobservable mode on the imaginary axis. Hence, the pair ([ Ao 0 ] , [QOl 0])

We make the following assumption.

Assumption 4. The generalized algebraic Riccati equations (30) and (31) admit sta-
bilizing solutions Yoo and Zso, respectively, Yooy Zoo € Spsdn, and the spectral radius
condition is satisfied, that is all eigenvalues of Yoo Zoo (which are monnegative real to
begin with) are less than 2.

Then, we have the following result, which solves the infinite-horizon H*° opti-

mal control problem under imperfect state measurements completely together with
Theorem 9.8 of Bagar and Bernhard (1995).
Theorem 4. Consider the infinite-horizon case of the H-optimal control problem
under imperfect state measurements under Assumptions 1, 2, and 4, then the matrices
flfl and flfl are Hurwitz, the pair (A, B) is stabilizable, the pair (A, C) is detectable,
the pair (A, Q) has no unobservable modes on the imaginary axis, the pair (A, M) has
no uncontrollable modes on the imaginary aris, Eoc := ZOO(In—'y_2f]ooZoo)_1 € Spsdn
and is the stabilizing solution to the generalized algebraic Riccati equation:

E(A+7725,0Q — (B+7v 22 P)R'P)+ (A+~722,.Q — (B
Y 28 P)R P2y —E((B+ 7 22 P)RY (B +7722,P)
(B0 C' + LN Y0 C' + L))Eo + Q — PRT'P’ = 0,,xs, (39)

and the upper value of the game with cost function Jyoo (1, V) is equal to 0. A controller
guaranteeing this upper value is given by

i(t) = (A+77220Q)E(t) + (B + v 2 P)u(t) + (X’
+L)N " (y(t) — Ci(t)); &(—o0) =0, (40a)
U(t) = ,uopt(taonvy(—oo,t]) = *Ril(B/Zoo + P/)(In - 772200Z00)71f(t> (40b)

Furthermore, the closed-loop system with (1) and (40) is asymptotically stable.

Proof. By Assumption 4 and (ii) and (v) of Proposition 3 and duality, the matrices
Agy, Ap, Agp, and Ay are Hurwitz, the pair (A, B) is stabilizable, the pair (4, C) is
detectable, the pair (A, Q) has no unobservable modes on the imaginary axis, and the
pair (/Nl, M ) has no uncontrollable modes on the imaginary axis. Then, Eo, € Spsan 1S
well defined and satisfies generalized algebraic Riccati equation (39) by (22).

Next, we will show that =, is the stabilizing solution to the generalized algebraic
Riccati equation (39).

A+77280Q — (B+7y 25 P)R'P — ((B+~?SP)R Y (B + 725 P)
7 2(EC' + L)NHELC" + L))ZEs
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= A+7%8,.Q - BR'P — 425 PR'P' — (BR'B'+~y2BR7'P'S
4728 PR7IB' + y1SPRT'P'S — 7 22 C'N7ICE
AN GO NI — 4y 2LNTICE — v PN T L) Zoo (I — 7 2800 Zo)

= A+~v22,.Q - BR 'P —y 22 PR 'P' —BR 'B'Zo (I, — v *20cZoo) !
Y 2BR P Y Zo(In — Y 2800 Zo) !
2SS PR B Z (I, — v *Y0cZoo) "
AN PRI P'E  Zo (I, — 7?20 Zo0) !

Y

Y PN CE o Zoo (I — Y 220 Z00) P+ Yy 2LN 'L Zoo (I, — v 2800 Z00) !
= A+7280Q - BR P (I, + v Y0 Zoo(In — v *LcZoo) ™)
A 2N PRTP (I + v Y Zao (I — 7 2800 Z0o) ™)
—~BR'B'Z (I, =7 *Y0Z00) !
NS PR'B' Z (I, — v %500 Zo0) !
Y 280 C'N 7 OS  Zoo (In — 7V 2S00 Zoo) !
Y 28 C'N U Z o (I — Y 2 Y00 Zoo) 7t
Y PLN TN CE o Zoo (I — Y 2% 0 Zo0) P+ Yy 2LN 'L Z oo (I, — 7 2800 Z0o)
= A- LN 'C+7722..Q — BR'P'(I, — 7?20 Zs) ' — . .C'N7IC
A 2N PRTP (I, — v ?Y0Zs) ' = BR'B'Zo (I, — 7 2800 Z0o)
A 2S W PR B Z (I, — 7 ?Y0cZ0o) !
+38C'N O, — 7 2L Zo0) !
Y 28 C'N U Z o (I — Y 2S00 Zoo) !
+LN'C(L, — v L Zoo) P+ PLN 'L Zoo (I, — v 20 Zoo) !
= A—SR—BR'P'(I, — v *80cZso) "
A 2N PRIP (I, — v 220 Zo0) ' = BR'B'Zo (I, — 7 2800 Z00)
A 2S W PRB' Z (I, — 7 *Y0cZoo) !
438 C'NTIC(I, — v 2L Zo0) !
Y 28 C'N UL Z o (I — Y 2 Y00 Zoo) h
+LN'C(I =7 S0 Zo0) '+ LN 'L Zoo(In — 7 2800 Zoo)
= (A(I, =7 %80 Zo0) — BooR(I, — v 220 Z00) — BRT'P' — 425 PR™'P’
—BR 'B'Z, — 4 22 PR 'B' Zo + S0 C'N71C + 425 C'N~ 'L Z,
+LN"IC+ LN 'L Z) (I — Y 2 Y0 Z0o) t
= (A= SR —7"YASy —2RY)Z00 — BR™'P' — 4728 PR'P
—~BR'B'Zy — v S0 PR 'B' Zo + S0 O'N'C + 7y 25 C'N7 L Z
+LN'C+y2LN'L Z. ) (I, — 7?20 Zoo) !
= (A+728.Q — 7y -8 A = M)Zy — BR™'P' — 4725 PR™'P
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—BR'B'Z,

Y 2LN 'L Z) (I — 7 2200 Zoo) !

= (A+7720Q + 77 (Ex (4 -

C'N~'L'Y+ DD’ —

Y 28 PR B Z o + v ?SC'N"IL Z

LN7'L)

Zew — BR™'P

—-BR'B'Z, —

Y 28 PR B Zoo + v 28 C'N" L Z o

+y2LN'L' Z0) (I, —

Y280 Zoo) T

= (A 4772500 Q + 7 S (A

~CO'N'LZy +72DD' Z,

—-BR'B'Z..

V28 PR 'B'Zo + 74 22 C'N™

YW Z )Ty — 7 2800 Zso)

= (A=8Z0+7?20(Q+AZ ) I — 7 *LcZo0) "t

= (A- 87 +7—22 ( ZaoA+ Zo0SZ)) I — 7 800 Zo0)
= (A- SZOO Y (A SZ NI — 7 220 Z00) !
= n—7" ( Zoo)In =7~ 2_:ooZOO)_l

Since Ay = A—SZ is Hurwitz, then =, is the stabilizing solution to the generalized

algebraic Riccati equation (39). Denote Ay := A4+77?SQ— (B+7 *SP)R™' P’ —

(B+~y72SP)RY(B -1:7_220013)' — (B0 C' + L)N N0 C' + L) )Z0e = (I, —
Y200 Zoo) A (In — 7 220 Zo0) !

Since the pair (A, M) has no uncontrollable mode on the imaginary axis. Then, we
can first partition the system into controllable and uncontrollable parts, and then par-
tition the uncontrollable part into stable and anti-stable parts. Then, A= [/(1) /}4“]
M. 0

andM:{OO

], where the pair (flc, MC) has no uncontrollable mode in C_ and

o . L R. Re [ A A _ [B.
the matrix Az is Hurwitz. Partition R = Ria R | A= |:Acc A }, B = {BJ’
l)c C?c C?cé 2 C?c C?cé f%
D|:DC:|,C|:C CC}’Q[ 2’6 Qc:|aQ|:_/CC QE 7andP: Pév
accordingly. Then, the solution to generalized algebraic Riccati equation (30) satis-
fies S0 = [Sf‘” ?foo ], where the partitioning is compatible with that of A. The

Hamiltonian for the generalized algebraic Riccati equation (30) is of the following
structure:

AL 0 —R. —Re
I — A —R| | A, AL —R/;, —R:
| -M -A| | -M. 0 —-A, —A.
0 0 0 —A4;
Since A; is Hurwitz, then the stable invariant subspace of H, is spanned by the
X1 O
column vectors of ))((160 Xolé e R?" ™ where the dimension of X1z is equal to the
2c
XQEC 0
. . b . Xic 0 | . . . .
dimension of Az, and the matrix X; := X X is invertible by Proposition 2
lec lec
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and the fact that generalized algebraic Riccati equation (30) admits the stabilizing
solution ¥.,. The stabilizing solution to generalized algebraic Riccati equation (30) is

Xoe 0] [ X1e 077" [Seee 0] [Eee O
Xoee 0} [chc ch} - [2’ 0] - [ 0 0

given by ¥, = X2X1_1 = [
cCoo
Yo 18 the stabilizing solution to the generalized algebraic Riccati equation:

} . Then

Aczcoo + i:coofzi/c - 2cooécicoo + Mc =0 (41)

By £ € Spsdn, we have Yeoo is positive semi-definite. By (iv) of Proposition 3 and
duality, we have ¥, is a positive definite matrix. By (ii) of Proposition 3 and duality,
we have the pair (A., C.) is detectable.

Next, we will show that the system (1) and the optimal control strategy (40) form
an asymptotically stable system. This then implies that fiop¢ is an admissible controller.

We express the closed-loop system with (1) and (40) in the [Z' & ]/ coordinates as,
where T : =z — I,

] Ap 28 Q z —7728 P
[:c] - {(2_3000’+L)N_1C A+7‘2§_IOOQ} L] * {BJFW?EOOP “ (42)

n D—_(E_IOOC’—i—L)N_lE w = Fi1 Fio T n 51 w+ @1 w
(EOOCI + L)N_lE | Fyy Fyo T By Do

Based on the partitioning of the system, we have

o= [Ae- YenwCINTIC, Ape — Zeao CINTICL ] Do — (BeocC + LONT'E

11 = _ 0 A, 2T L:N"'E
[ — 722500 c = 722500 cc D, Bc + 722600PC

F12:_7 : Qe — - Q]; 32:[ WBE }

F — [ (ECOOCé + Lc)Nilcc (SCOOC{: + LC)NilcE . B _ 77722500Pc
21 — I LEN—lcc L5N7105 ) 1= 0

F . [ Ac + V_QSCOOQC Acé + 7_220006206 . D _ Dc - (icoocé + LC)N_IE
2= Ase A e D:— L:N"'E

Partition compatibly & = (Z.,7z). We observe that the ¥z dynamics is simply Iz =
Azte+(Ds—LzN~1E)w, which is asymptotically stable. Then, the asymptotic stability
of the closed-loop system is equivalent to the asymptotic stability of the matrix

{Ic - i:coocvé]\]ilc’c 7’)/7226700@6 777225906255
(Ecoocé + Lc)Nilcc Ac + 7722120ch Acé + 7722120ch6
L:N~'C, Aze Az
777226700PC _ R R
+ | Be+7 28cocPe | [0 —R7HB'Zoo + P)(In — v 2 L6 Z00) ™ | = F 4+ BKopy
Bz
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Let _
D.— (8¢cCl+ L)NTIE

D := (BesoCh+ L)NTIE
L:N"'E
- ~2571 0
We will show by brute force that I' ;== OCOO = ] , which is a positive semi-definite

matrix, is the solution to the generalized algebraic Riccati equation

!/ !/

P P
(F—BR™ Y| P.| )T +I(F—-—BR'|P.|)-T(BR'B —~2DD')I
PE PE

Qc Qc Qcé
+ Qc Qc 62_06 =0 (43)
Qe Qez Qe

11-block = (A, — 2o CLNT'C. + 7 280 PRI P51 + 428 L (A

—SeaCINTIC + 7728 P.R7IP)) — 4?2 (v 18 P.LRTIP/ S o
Y72 (De = (Zeoc O+ LNTIE)(D; = BE'NTHCeBeoo + L))V B + Qe

= VAL L = CINT Co+ PR P+ 7°S LA, —*CIN"'C. + P.R™'P]
—P.R'PL4+ 4?5 L (D, — (2eacClL + LNT'E) (D,
—E'N"HCeSeoo + L))ok + Qe

= 2ASTL —A2CINTIO. + 428 L A, — 2CINTIC. 4+ P.RTIP 4 Q.
+7° 8 DeDE L = VS L DE'N™HCoBeoo + L) S — 77E 0 (Beac C
+L)NT'ED.S L + 28 L (BeacCl + LONT'EE'N Y CoE oo + LS L

= VAS L —YCIN T Ce +4°S LA, — *CLNT'Ce + P.RT'PL+ Q.
9?5 LD DS — *E L LN T O = V?S LL.NTILLE L — *CINTILLS L
—?Sb LeN T LS + 428 (BeooCl + Le) N ™ (CoEeos + Li) S,

= VAS L -y CINTICe+ 7S LA — ¥ Re
VLA D.D.S L — *S L LN T LS
S L NS 42O NTIC 2SN S L

= VAN 28 LA — 2R+ 28 M B

= 12801 (Beo Al + AcSeos — BeooReSeoo + Me)S7L = 0
12 & 13-block
= VS [ 1700 Qc + 7 2o PLRTIP, =7 7?8000 Qez + 7 2 8c0c Pe R P |
+ [CINTHLL 4 CeBeno) = P-R™N(BL + 77 ?PlS0s) CLNT'L, — P.R™'B. | Ex
VL ([ 72 PeRTH(BL + 7 ?PlEeo0) =7 ?Leco P-R™'BL |
o[ (De = (ZeaCL+ LNT'E) (D — (EeocCl+ L)NT'E) -
T CENTYLL + CoSes) E'N-'L, B0
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+ [Qc QCE]
[—-Qc+ P.R7'P, —Qce + P.R7'PL] + [ Qe Quc |
+ [CINTHLL + CeXeoo) — PLR™Y(BL + 7 2PlYcss) CINTIL, — P.R7'BL | 2o
+ [PR™Y(BL + 7 ?PlSes) P.R'BL] Enc
L5 { L N~HL, + Cci]cfo) ) LCN*%’6 — (ZeacCl, =
€ | —(BeooCl + LN HL, + CoXene) +Le)NTLLL o0
= [CINTHLL + CcSens) CINT'LL ] B
+ [-CIN"YL,+ CcEexs) —CINTILL]Ec =0
21 & 31-block =0 by symmetry

22 23
32 33

—Zoo(B2R™'By — v 2Dy D4)Zo + Q
= (A+77%8,Q — (B+7 22P)R™'P) =
+E0(A+7728,0Q — (B+~ 22 P)R™'P)
—E((B+ 722 P)R Y (B+~722,P)
A 2(EaC' + L) NT'E) (20 C' + L)YN'E) )= + Q = LHS of (39) = 0pxn,

] -block = (A +7728,0Q — BoaR'P'VEo + Eao(A+77220Q — BoR™'P)

Hence, I is a positive semi-definite solution to generalized algebraic Riccati equation
(43). We will show that I' is not the stabilizing solution to (43). Toward this end, we
r]’
compute the matrix F — BR™! | P, | —(BR™'B' —~2DD')I.
Pz

11-block = A, — 2o C' N7 0 + 7 28 P.R™IP — (v 480 P.R™'P/S oo
*772(Dc - (icoocé + LC)NilE)(D/c - E/Nil(cczcoo + L/c)))722:olo
= Ae = BeaCLN T Co + DeDLSCL = (SeocCr+ Le) NTHLLSCL
—LNTH(CeBeso + L) + (ZeocClh + Le)N™H(CoZeoo + L) Tk
= A¢ = SeaCLNT'Co + De DS
— L N"HCE oo + L)EL 4+ (Ze0cCl 4+ LONTIC,
= Ac+ McS7L = Seoo(—AL + ReBeoo)Erk = —Beoo (Al — ReSens) St

This matrix is anti-stable, since the matrix flc — ECOORC is Hurwitz.

(LeeCh + L)N1C,
L:N~'C.
_V_QDQ(DQ - E/N_l(ccicoo + L::)))’YQE_:C_O}D
= (20C'+ L)N'C. — BoaR™'P. + BoR™'P, + (2C’ + L)N'E) (D,
—E'N"YC.Zeoo + L)EL
= (ZaC'+ L)N'C.+ (2O + L)NTILLE L — (5.C" + L)NHCE o

21 & 31-block = — BoR7'P. — (—y 2ByR'PY e
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+L)To =0
[22 23
32 33
= A+722.Q - (B+y 22P)R'P — ((B+~y 2SS P)R™Y (B +772P'%,)
A (EC' + L)NT'EE'NHE,,C" + L) )Ex
=A +7—22 Q- (B+7v 2EP)R P — (B+7y 2S2P)R (B +7 2P £%)Ex
(B0 + L)N™ (02 + L2 = Af
= (In - 22 Zoo )( S )(In - 22<>OZ<>O)71

] block = A +4-25..Q — BaR-LP' — (ByR-VB} — v~2DaD})Zn0

This shows that

P, 3 Al DYy $—1
F-BRV|P| —(BRB — 4 2DD) = | ~Pee(Ae — Heec)Eew
b 0 Ay

where Ay is Hurwitz. Note the following

/
~R7'|P.| —R'BT
P

= -RYP P]-R ' 2PS B +7 2P S, ]T
[RT'PLRT'P'] — [y 2R PSS RTY (B +772P'S) | T
[ R7'P/ R 1p/] _ [7R*1Pc{ Rfl(B’Jr'y*QP’i]oo)Eoo}

~[0 R'P' + RY(B' + 7 2P'S)Ex |

[0 R P+ R B'Ese + 7 2R P SocZoo(In = 7 *EocZoc) 7]
ol

—[o

0 R~ 1B’"Oo + R7YP(I, — *QEOOZOO)*]
YB'Zs + P)(I, — W_QE_JOOZOO)_W = Kopt
P’
Hence, we have F' + BKopy = F — BR™' | P. | — BR™'B'T.
Pz
By I being the solution to generalized algebraic Riccati equation (43), we have

QC Q(, Q(,(,
[D(F + BKopt) + (F + BEKopt) T+ T(BR™'B' + vy 2DD")T" + QC QC Qcz
/cc 2 QC

=0 (44)
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Now, we will show that the pair (F + BKop,(BR™'B' + v 2DD")T" +
Qe Qe Qe

QC QC Qez ) is detectable. Let A € C be any unobservable mode of the pair.
!

cc QC

Then, there exists a complex vector [, & ]I =&, &, Ta ]I # 0 such that

&

Tl 1

A [:Efl] = (F + BKopt) [ ;} (45a)

0= f(BR_lél + 7_2ﬁD1)f‘ + Qc Qc Qee
/
cc QC

Qe Qc Qe ){~ } b

/ [AVNEEN ~
Now, pre-multiply [;i_cll j_ll} to (45b), and we have [;i_cll j_ll} I'(BR™'B' +
Q_C Q_C Q_CC

P ! ~
y~2DDT [xfl] + [jcl/ jll} QC QC Qe [xfl} = 0. Note that the matrix
e e Q 1
Qc Qc Qcé
Qe Q. Q.z | is positive semi-definite since we have
LA A4
cc cc QE

Qc Qc Qcc = 10 Q

Qe Qc Qe Io0 {
e Qle Qc 01

110
001~

AR A PR VAR A
Then, we must have [jc_dl 55_1/} I'BR™'B'T {xfl} = [9&01/ 551/} I'v=2DD'T {xfﬂ}

T I
-y / QC Qc Qcé SE 1
= [fd T } Qc Qc Qcz [ - } =0 and
YO QE Z1
iy | Ter | _ —2pr | Zet | A | Ter + Zaa
Br[jl}p, gl DFL&]O(], Q{ it ]On (46)

This further leads to A [wd ] = (F 4 BEKopt) [?1 ] +~72DD'T {xd ] = (F-BR!
Z1 1
Fe o o Td (AL - REe)SIL x| [
Pc (BRlB/’)/2DD>F>|: cl]|: coo c c~coo coo :| |: c1:|.
P, o
Thus, A\z1 = Ag@1. If &1 # 0, we have A is an eigenvalue of the matrix Ay with
an associated eigenvector #;. Since the matrix Ay is Hurwitz, then A € C_.

On the other hand, if & 0,, then T,y # 0 and AT = - Oo(fl’c -
R.Y c00)Z Coozcl Hence, A is an eigenvalue of the matrix — o (A - R Deoo) Bl =
A, Mcf]c with an associated eigenvector Z.;. Since the matrix —% Oo(fl’c —
R.Yeoo)XoL is anti-stable, then A € C,. By (46), we have —P/i, = 0,, (D, —
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E'N YL, + C.Ee0))ElZer = 04, and QcZe1 = 0. Left multiply E to the second
equation to conclude C.Z.,; = 0,,. Now, left multiply D. to the same equation to
conclude D.D.Y L3, = L.N"'L.X L., or equivalently, M5 1. = 0. These
further lead to A%, = (/IC + Mcf];i))jcl = A.Z.1. This shows that A € C, is an
eigenvalue of A, with an associated eigenvector Z.; and we have C.&.; = 0,,. This is
a contradiction to the pair (A., C.) being detectable. Hence, we must have &1 # 0,,.
Therefore, we conclude that A € C_. Then, the pair (F + BKqp, [(BR™'B' +
P .
Y 2DDT+ | Q. Q. Q. |) is detectable. By I' being a positive semi-definite solu-
/ /
cc ¥ce QE
tion to the Lyapunov equation (44), we have the matrix F+ BKopt is Hurwitz. This
shows that the control law (40) is internally stabilizing and therefore admissible.
By (26) and the derivation preceding (26), we have

Jvoo(ﬂoptay) = lim er(,uopt,l/,,f(fo),OOIn,Oan)
tod—o0,tsToo
. -~ o—1 _ . —25
= toiflgolgﬂ‘oo Tr(ops v, (o), 2o’y Zoo) = toiflcgo%fToo ( |2(ts) = (In =72

ty
1. 2 . —
Zoo) TN (ts) [Lagr_y F1E(0) 3 —/ v |w(t) - (I, — EEN~'E)D’
to

S x(t) — 2(t) + EEN"HCO(x(t) — 2(t) — 7 (CEoo + L) ZoZ(t)) |2 dt) (47)

< lim |#(to)|2_ =0

- tod—oo

where fiopy is given in (40); the first equality follows from (27); the first inequality
follow from the fact ool,, > igol and 0, %, < Zo; the second equality follows from
(26); and the last equality follows from &y = 0,,. Or, we may skip the second equality
and directly arrive at the second inequality by Theorem 1.

Hence, the upper value of Jyo0(p, v) is less than or equal to zero. The upper value
is always nonnegative since the maximizer can alway play the trivial strategy vp:
T = 0y, and W(_s0,00) = Vp, (R, Re) tO achieve a nonnegative Jryoo (fhopts ¥0) > 0. Thus,
the upper value of the game is 0 = sup,, Jyoo(ftopt, ), and ppy achieves this upper
value.

This completes the proof of the theorem. O

To obtain the solution to infinite-horizon case as the appropriate limit of the
solution to the finite-horizon case, we make the following standard assumption.
Assumption 5. The pair (A, Q) is detectable and the pair (A, M) is stabilizable. The
generalized algebraic Riccati equations (30) and (31) admit stabilizing solutions Yoo
and Z,, respectively, Yoo, Zoo € Spsdn, and the spectral radius condition is satisfied,
that is all eigenvalues of Yoo Zoo (which are nonnegative real to begin with) are less
than v2.

Then, we have the following result.
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Corollary 5. Consider the infinite-horizon case of the H® -optimal control problem
under imperfect state measurements under Assumptions 1, 2, and 5, then the matrices
Af1 and /Ifl are Hurwitz, the pair (A, B) is stabilizable, the pair (A, C) is detectable,
limg, | oo (¢ t0) T oo and limg 100 Z(tt5) T Zoos (i- e, Y and Zo, are the least
positive semi-definite solution to generalized algebraic Riccati equations (30) and (31),
respectively), oo = Zoo(In — Y 2L Zo0) "L € Spsdn s the stabilizing solution to the
generalized algebraic Riccati equation (39), and the upper value of the game with cost
function Jyoo(p,v) is equal to 0. A controller guaranteeing this upper value is given
by (40), which is the limiting controller of the finite-horizon case (23) with &g = 0,,,
Qo = ooly, and Qf = Opxp as tg L —00 and ty T co. Furthermore, the closed-loop
system with (1) and (40) is asymptotically stable.

Proof. By Assumption 5 and (ii) and (iii) of Proposition 3 and duality, the matrices
Ap, Ay, /If, and /Ifl are Hurwitz, and lim;,| o, %(t;t0) T Xoo and limy 100 Z(t;t5) T
Zo, ¥Vt € R, the pair (A, B) is stabilizable, and the pair (A, C) is detectable.

By Theorem 4, we have 2oy € Spsdn is the stabilizing solution to (39), the controller
(40) is stabilizing and achieves the upper value of the game, which is equal to zero.
Clearly, the controller is the limiting controller of the finite-horizon case (23) with
2o = 0p, Qo = 00ly, Qf = Opxy as tp | —oo and ¢ T oo.

This completes the proof of the corollary. [l

8 An Example

We consider the ball and beam example. The nonlinear system dynamics is given by

T1 = To
iy = —Bxy + 2127 — Gsin(ws) + 10ws
T3 = x4

i4 = (14+27) " (—G cos(x3)r) — 212274 + U + We)

Y1 = 21+

1000
+
= I —_—
Y2 2 100
4+
=z
Y3 =T 1000
+
= I JR——
Y4 =T 00
T1
z21 = —
YT 10
zZ9 = X2
Z3 = I3
zZ4 = 1000$4
z5 = 10u
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where z; is the displacement of the ball along the beam, x3 is the deflection angle
of the beam, u is the torque applied on the beam, (8 is the viscous friction para-
menter, and G is the gravitational constant. The initial state for & = (z1,...,24) is
xo € R*. w := (w1,...,wg) is the disturbance input vector. The coefficients multi-
plying the measurement noises (w, ..., wy) reflect our view that we can measure the
displacement and the deflection angle up to ﬁ error, but measure their derivatives
up to Wlo error. ws is system disturbance that we assume to be multiplied by large
gain 10, since the term x122 has large destabilizing effect on the (z1,z2) dynamics,
but will not appear in the linearized model. wg is the the system disturbance in the
(3, 24) dynamics, which is relatively easy to counter. So, we choose its coefficient to
be 1. z = (z1,..., 25) is the controlled output. We want the control law to pay little
attention to x1, and therefore the cost coefficient 1L0' We want x4 to remain small in
magnitude, since the term z;22 has destabilizing effect and can’t be controlled effec-
tively, and therefore the cost coefficient 1000. The control effort should remain small,
and therefore the cost coefficient 10.

We linearize the system around &y = 04, 49 = 0, and wy = 0g to yield the
linearized system:

0 1 00 0 00000 0
.| 0 -Bp-Go 0 0000100
=1 o o0 o 1|®T|ol“T|oo0000|™
-G 0 00 1 00000 1
1
™30 000
Yy, = Lz + 100 wy
! 0 0 15 0 00
0 0 0 1500
500 0 0
010 0 0
z] = 001 O x;+ | 0 | w
0 00 1000 0
000 O 10

We set 8 = % and G = 9.81.
This linearized system has y* = 1301.8. We choose v = 2000 and design the H*
optimal controller.

—9.9991 0.0099994 0.0041107 0.0089183

] —99.000 —999.95 —9.7135 0.016061

"= 10.0041107 0.00096478 —9.9587 0.090907 | &
18.672 31.501 —387.15 —202.52

ge

9.9991 0.99000  —0.0041107 —0.0089185
99.000 999.85  —0.096478 —0.016061 ) ) .
—0.0041107 —0.00096478  9.9587 0.00012 | Y5 T0)=2w R
~0.89185 —0.016061  90.912 99.588
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(a) (b)
Fig. 1 Closed loop performance of the H* controller for v = 2000, and xo = &;9 = (0.001,0,0,0)
without any disturbances

(a) State trajectory; (b) Control input

w = [27.590 31.485 —296.24 —102.94 | &,

The closed-loop system of the linearized system and the H°® controller is Hurwitz,
with closed-loop eigenvalues —999.95, —99.7484-0.447661, —99.748 —0.44766i, —10.052,
—10.000, —1.6153, —0.70808 4+ 0.76051i, —0.70808 — 0.76051i.

Now, we apply the H* controller on the ball and beam system (nonlinear) and
simulate the system response when w(t) = 0g, Vt € R,. The initial condition for
the system is set at &y = (0.001,0,0,0) = &;9. The system state trajectory is shown
in Figure 1(a); and the control input is shown in Figure 1(b). We observe that the
system is well behaved, the state trajectory is bounded in magnitude by 0.001, and
the control input is bounded in magnitude by 0.028. The system admits multi-time-
scale behavior. This simulation is to show the system performance when the system
is very close to the equilibrium point.

Next, we set the initial condition for the system to xy = (0.7,0,0,0) = &.
The system state trajectory is shown in Figure 2(a); and the control input is shown
in Figure 2(b). We observe that the system is well behaved, the state trajectory is
bounded in magnitude by 0.7, and the control input is bounded in magnitude by 19.
The system response is very similar to the previous case. This simulation is to show
the system performance when the system is away from the equilibrium point.

Next, we set the initial condition for the system to xp; = (2.001,0,0,0) and
&0 = (2,0,0,0) and perturb the system parameters 5 = 0.5 and G = 9.79 in the ball
and beam system. The system state trajectory is shown in Figure 3(a); and the con-
trol input is shown in Figure 3(b). We observe that the system is well behaved, the
state trajectory is bounded in magnitude by 2, and the control input is bounded in
magnitude by 56. The system response is similar to the previous cases despite of the
initial state estimation error, and the system parameter uncertainty. This simulation
is to show the system performance away from the equilibrium point and robustness
to small perturbations.
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Fig. 2 Closed loop performance of the H* controller for v = 2000, and xo = &;0 = (0.7,0,0,0)
without any disturbances

(a) State trajectory; (b) Control input
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Fig. 3 Closed loop performance of the H* controller for v = 2000, o = (2,0,0,0), and &;9 =
(2.001,0,0,0) without any disturbances

(a) State trajectory; (b) Control input

Finally, we set the initial condition for the system to xg = &0 = (10,0,0,0).
The system state trajectory is shown in Figure 4(a); and the control input is shown
in Figure 4(b). We observe that the state trajectory is bounded in magnitude by 11
and the control input is bounded in magnitude by 280. The system response is very
oscillatory but eventually converges to the origin. This simulation is to show the system
performance near the boundary of the region of attraction for the linear controller.

9 Conclusion

In this paper, I have studied both the finite-horizon and the infinite-horizon H°°-
optimal control problem under imperfect state measurements using a game theoretic
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Fig. 4 Closed loop performance of the H* controller for v = 2000, and xo = &0 = (10,0,0,0)
without any disturbances

(a) State trajectory; (b) Control input
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approach. The problem is converted into a soft-constrained zero-sum differential game.
The key is to find the upper value of the game, and find the minimizer policy that
guarantees the finite upper value for the game. In the finite-horizon case, I solve the
upper value of the game in an estimator and controller sequential design fashion,
where the Riccati differential equation obtained for the control step is something a
bit unfamiliar. I solve this Riccati differential equation explicitly and recover the well-
known solution to the problem. Then, I study the infinite-horizon H°-optimal control
problem under imperfect state measurements. I present a significant result that for a
generalized algebraic Riccati equation A’Z + ZA — ZSZ 4+ @Q = 0 to admit a positive-
semidefinite stabilizing solution, then necessarily the pair (A4, Q) has no unobservable
mode on the imaginary axis. I prescribe a set of exact conditions under which the
system under the optimal controller is internally stable and achieves the 0 upper
value for the game. This result, together with Theorem 9.8 of Bagar and Bernhard
(1995), then completely solves the infinite-horizon H*-optimal control problem under
imperfect state measurements. I prescribe another set of exact conditions under which
the optimal control strategy for the infinite-horizon case is the appropriate limit of
the optimal control strategy for the finite-horizon case as the time interval expands to
the entire real line, the optimal controller guarantees the 0 upper value for the game,
and such that the system under the optimal controller is internally stable. This set
of conditions is standard in the literature. This result validates the receding horizon
H*-optimal control design methodology.

Due to the equivalence of H* central controller with the optimal controller for
LEQG problem, the result in this paper has direct ramifications in LEQG problem.

Future research directions are to investigate LEQG problem, study the time-
varying systems, study the H* control and/or LEQG control for singularly perturbed
systems, investigate possible generalization to jump linear systems, and study exten-
sion to nonlinear systems.
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