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Abstract

This paper studies both the finite-horizon and the infinite-horizon H-infinity opti-
mal control for linear systems under imperfect state measurements using the
game theoretic approach. In the finite-horizon case, the result to this problem is
well-known that the solution exists under the existences of solutions to two gen-
eralized Riccati differential equations and that they satisfy the spectral radius
condition. In the existing game theoretic approach to this problem, it calls for the
separation principle, which is a deep principle that is not obvious for beginners.
This paper offers a completely elementary solution to the problem that uses the
completion of squares method and Riccati differential equation solutions. This
solution method calls for estimation and control sequential design, and only after
the controller has been obtained, do I relate the over all solution to the control
Riccati differential equation. In the infinite-horizon case, the standard approaches
call for the inner systems, which is something that is not familiar with the con-
trol community. I obtain the exact conditions under which the infinite-horizon
problem will admit an internally stabilizing solution. This exact set of conditions
basically solves the H-infinity optimal control problem completely in conjunc-
tion with Theorem 9.8 of Başar and Bernhard (1995). I then obtain another
set of exact conditions as a corollary, which is quite standard, under which the
infinite-horizon problem will admit an internally stabilizing solution that is the
appropriate limit of the finite-horizon solution.

Keywords: H-infinity optimal control, game theoretic approach, completion of
squares, generalized Riccati differential equation, generalized algebraic Riccati equation
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1 Introduction

H∞-optimal control had been a topic of intense research in the 1980s. The problem is
interesting since it tries to optimize the H∞-norm of the transfer function matrix for a
given linear time-invariant system, which is shown to equal to the L2-induced norm of
the system (Zames, 1981). This induced norm perspective is powerful and allows the
small gain theorem to apply for the closed-loop system that renders the H∞ controller
robust to a general class of systems that can be represented as the nominal system in
feedback with some L2-induced norm bounded uncertainty block. The solution to the
H∞-optimal control problem is first obtained in Doyle et al. (1989). Further research
along the line has been focused on time-varying systems (Limebeer et al., 1989; Ravi
et al., 1991; Khargonekar et al., 1991), mixed H2 and H∞ control design (Bernstein
and Haddad, 1989; Khargonekar and Rotea, 1991; Stoorvogel, 1993), jump linear sys-
tems (de Souza and Fragoso, 1993), singularly perturbed systems (Pan and Başar,
1994, 1996b), sampled-data control systems (Bamieh and Pearson, 1992), and nonlin-
ear systems (van der Schaft, 1991; Isidori and Astolfi, 1992; Toussaint et al., 2000). One
of the main research thrust has been the identification of the H∞ central controller and
the optimal control law for linear exponential of quadratic Gaussian (LEQG) problem
(Rhee and Speyer, 1989; Uchida and Fujita, 1989; Whittle, 1990; Fleming and McE-
neaney, 1992; Pan and Başar, 1996a). This equivalence motivated further research into
risk-sensitive control of nonlinear systems and the observation that the large deviation
limit for nonlinear exponential of integral cost Gaussian problem is identical to the
nonlinear zero-sum game solution (James et al., 1993; Runolfsson, 1994; Fleming and
McEneaney, 1995; James and Yuliar, 1995; Bensoussan and Elliott, 1996; Moon et al.,
2019). A number of books has been written on H∞ control (Doyle et al., 1992; Stoor-
vogel, 1992; Başar and Bernhard, 1995; Zhou et al., 1996; Trentelman et al., 2001)
to further relax the assumptions on the problem. Noticing the induced-norm impli-
cation, a game-theoretic approach to the H∞-optimal control is quickly adopted to
address the problem in the framework of soft-constrained zero-sum games (Didinsky
and Başar, 1992; Başar and Bernhard, 1995). This approach allows for investigation
of finite-horizon problem for linear time-varying systems, as well as nonlinear sys-
tems. The cost-to-come function (Didinsky et al., 1993; Başar and Bernhard, 1995)
approach to the problem solves the estimation part of the problem, while the control
part of the problem is well-known as the perfect state measurements case with well-
established solutions. This then leads to the separation principle (Didinsky et al., 1993;
Başar and Bernhard, 1995) that connects these two solutions for a complete solution
to the problem that agrees with the well-known solution (Doyle et al., 1989). In the
standard approach to the H∞-optimal control, without using the game theoretic for-
mulation, refined solutions (Zhou et al., 1996; Trentelman et al., 2001) then calls for
the inner system for imperfect state measurement case, which is not that familiar with
the control community.

This paper is to study both the finite-horizon and the infinite-horizon H∞-optimal
control for linear systems under imperfect state measurements using the game the-
oretic approach. First, I rederive the finite-horizon H∞-optimal control for linear
time-varying systems under imperfect state measurements using the game theoretic
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approach. It offers a completely elementary solution to the problem that uses the com-
pletion of squares method and Riccati differential equation solutions. This solution
method calls for estimation and control sequential design, and only after the controller
has been obtained, do I relate the over all solution to the control Riccati differential
equation. This solution methodology offers good opportunity to generalize to nonlin-
ear systems, such as the robust adaptive control problems that this author has been
working on for many years. After the successful solution to the finite-horizon problem,
I then study the infinite-horizon case for linear time-invariant systems. I first show
that the generalized algebraic Riccati equation Ā′Z + ZĀ− ZS̄Z + Q̄ = 0, where Q̄
is positive-semidefinite, admits a positive-semidefinite stabilizing solution implies that
the pair (Ā, Q̄) has no unobservable modes on the imaginary axis. A set of exact condi-
tions is obtained for the infinite-horizon H∞-optimal control problem under imperfect
state measurements such that a solution exists and is further internally stabilizing
(i. e., asymptotically stable under the optimal control strategy and without any exoge-
neous disturbance input.) This exact set of conditions basically solves the H∞-optimal
control problem completely in conjunction with Theorem 9.8 of Başar and Bernhard
(1995), which says that the H∞-optimal control problem admits a stabilizing solution
if, and only if, the control and the estimation generalized algebraic Riccati equations
admit positive-semidefinite and stablizing solutions that further satisfies the spectral
radius condition. I then obtain exact conditions, which is quite standard, such that
the solution is the appropriate limit of the finite-horizon solution.

The balance of the paper is as follows. In the next section, I will summarize the
notations used in the paper. Then, in Section 3, I will formulate the finite-horizon
problem to be studied using a game theoretic approach. In Section 4, the estimation
part of the problem is solved by calculating the cost-to-come function for the problem
explicitly, which then converts the problem into a H∞-optimal control problem under
full-information measurements. This full-information measurement problem is then
solved in Section 5 using standard completion of square method with a Riccati differ-
ential equation that is not a familiar one in the well-known solution to the problem.
In Section 6, I will then show that the solution to this Riccati differential equation is
nothing but a nonlinear function of the solutions to the two well-known Riccati differ-
ential equations that also reveal the spectral radius condition. Then, the well-known
solution is recovered completely in finite-horizon case. In Section 7, I further study the
infinite-horizon H∞-optimal control for linear time-invariant systems under imperfect
state measurements. I obtain a set of exact conditions for the infinite-horizon prob-
lem such that a solution exists and the closed-loop system is internally stable. Then,
I prescribe another set of exact conditions under which the optimal control strategy
is the appropriate limit of the optimal strategy for the finite-horizon case as t0 ↓ −∞
and tf ↑ ∞. An example is included to illustrate the theoretical results in Section 8.
The paper ends with some concluding remarks in Section 9.

2 Notations

Let IR denote the real line; IR+ := (0,∞) ⊂ IR; IR+ := [0,∞) ⊂ IR; C denote the
complex plane; C+ and C− denote the open right half and open left half of the complex
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plane, respectively; C+ and C− denote the close right half and the closed left half of
the complex plane, respectively; i denotes the complex unit; ∀a ∈ C, a denote the
complex conjugate of a; IN := {1, 2, . . .}; Z+ := IN ∪ {0}. Unless specified, all signals,
constants, and matrices are real. C means continuous and Ck means continuous up
to kth derivative; ∂

∂x denotes partial derivative with respect to x. For a BB ( IR)-
measurable function (Pan, 2024) f : I → IRn on an interval I ⊆ IR, f ∈ L̄p, if

(
∫

I
|f(τ) |p dτ)1/p < ∞. ∀z ∈ IRn, |z | :=

√
z′z; |z|2Q := z′Qz, ∀Q ∈ Sn. Sn, Spsdn,

and S+n denote n×n-dimensional real symmetric, positive-semidefinite, and positive-
definite matrices, respectively; Q1 ≤ Q2, if Q2 −Q1 ∈ Spsdn; Q1 < Q2, if Q2 −Q1 ∈
S+n; ∀Q1, Q2 ∈ Sn. In denotes the n× n-dimensional identity matrix. 0m×n denotes
the m × n-dimensional matrix whose elements are all zeros. ⋆ denote some matrix
of appropriate dimensions that is not of any particular interest. I will also drop the
subscript of In and/or 0m×n to denote the identity matrix and/or the completely zero
matrix, whose dimensions are clear from the context, respectively.

3 Problem formulation

Consider a continuous-time linear time-varying system:

ẋ = Ax+Bu+Dw; x(t0) = x0 ∈ IRn (1a)

y = Cx+ Ew (1b)

z = Hx+Gu (1c)

where x is n-dimensional state, n ∈ Z+; x0 ∈ IRn is the unknown initial state variable
with initial guess x̌0 = 0n ∈ IRn; u is p-dimensional control input, p ∈ Z+; w is
q-dimensional disturbance input, q ∈ Z+; y is m-dimensional measurement output,
m ∈ Z+; z is k-dimensional controlled output, k ∈ Z+; and A, B, D, C, E, H , and G
are matrix-valued functions of time, are BB ( IR)-measurable and bounded, and are of
appropriate dimensions. Under consideration is the finite horizon problem with time
interval [t0, tf ] ⊂ IR. The H∞-optimal control problem is to find γ∗ ∈ IR+ such that
∀γ > γ∗, there exists a causal controller u(t) = µ(t, x̌0, y[t0,t]), ∀t ∈ [t0, tf ] ⊂ IR
among the set of admissible controllers M, such that the L2-induced norm from the
disturbance input w and the initial state x0 to the controlled output z and the terminal
state x(tf ) is less than or equal to γ, i. e.,

∫ tf

t0

|z(τ)|2 dτ + |x(tf )|2Qf
≤ γ2

(

∫ tf

0

|w(τ)|2 dτ + |x0|2Q0

)

(2)

∀w[t0,tf ] ∈ L̄2([t0, tf ], IR
q), where Q0 ∈ S+n and Qf ∈ Spsdn are given initial and

terminal weighting matrices; and ∀γ < γ∗, no such causal controller exists. The set of
admissible controllers is defined to be (in the finite-horizon case)

M :=
{

µ : [t0, tf ]× IRn × L̄2([t0, tf ], IR
m) → IRp

∣

∣ µ is a causal controller and

∀x̌0 ∈ IRn, ∀y[t0,tf ] ∈ L̄2([t0, tf ], IR
m), we have u[t0,tf ] ∈ L̄2([t0, tf ], IR

p).
}
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The game theoretic approach to the above problem is to form the soft-constrained
cost function

J̄γ(µ, ν,Q0, Qf ) :=

∫ tf

t0

(|z(τ)|2 − γ2 |w(τ)|2) dτ + |x(tf )|2Qf
− γ2 |x0|2Q0

(3)

and investigate the upper value of the game infµ supν J̄γ(µ, ν,Q0, Qf ) ≤ 0, where
ν is the maximizer’s strategy of choice for x0 ∈ IRn and w[t0,tf ] ∈ L̄2([t0, tf ], IR

q).

It is easy to see that γ∗ corresponds to the infimum of set Γ :=
{

γ ∈ IR+

∣

∣

infµ supν J̄γ(µ, ν,Q0, Qf) ≤ 0
}

. In the place of the H∞-optimal control problem, we
are now focused on solving the upper values of a class of soft-constrained zero-sum
differential game parametrized by the performance level γ ∈ IR+. When this upper
value is less than or equal to zero, than, γ ∈ Γ and γ∗ ≤ γ. On the other hand, when
the upper value is positive, which will then equal to ∞ by the linear quadratic nature
of the problem, then γ 6∈ Γ and γ ≤ γ∗.

This class of parametrized game problem can be solved using linear quadratic
optimization if we note the following identity:

inf
µ

sup
ν

J̄γ(µ, ν,Q0, Qf ) = inf
µ

sup
x0∈IRn,w[t0,tf ]∈L̄2

J̄γ(µ, ν,Q0, Qf )

= inf
µ

sup
x(tf )∈IRn,y[t0,tf ]∈L̄2

sup
x0∈IRn,w[t0,tf ]∈L̄2|x(tf ),y[t0,tf ]

J̄γ(µ, ν,Q0, Qf ) (4)

where the first equality follows since we are dealing with the upper value of the game,
and the second equality follows since this is a team optimization problem for the
suprema in the second equality, and it doesn’t matter how suprema are calculated (see
Proposition 8.36 of Pan (2024)).

The inner most supremization is over all initial condition and all disturbance wave-
form that generate the terminal state x(tf ) and the measurement output waveform
y[t0,tf ]. Since the controller is a causal function of y[t0,tf ], then the control input is
an open-loop time function once the measurement output waveform y[t0,tf ] is fixed.
This supremization can be carried out as a single person linear quadratic optimiza-
tion problem. This step corresponds to the estimator design step and is precisely the
calculation of the cost-to-come function (Didinsky et al., 1993) for the problem. This
step will be covered in the next section.

Once the cost-to-come function is calculated, which will assume a general quadratic
structure, then the problem is converted into a zero-sum full-information differential
game problem, that can be solved using standard completion-of-squares method. The
Riccati differential equation that is associated with this full-information game problem
is not familiar in general, and may suggest that the existence condition of the Riccati
equation will depend on the solution to the estimation Riccati differential equation.
This step is the control design step, which will be covered in Section 5.

In Section 6, we explicitly solve the Riccati differential equation for the full-
information game, and show that the solution is a function of the two well-known
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(estimation and control) Riccati differential equations with the spectral radius con-
dition built-in. Thus, we recover the well-known solution to the H∞-optimal control
problem.

To allow generality in the study, we will try to compute the upper value of the
following zero-sum differential game with the soft-constrained cost function:

Jγ(µ, ν, x̌0, Q0, Qf ) :=

∫ tf

t0

(|z(τ)|2 − γ2 |w(τ)|2) dτ + |x(tf )|2Qf
− γ2 |x0 − x̌0|2Q0

(5)

where we have accommodated the initial guess x̌0 ∈ IRn into the cost. It should be easy
to see that such a change is compatible with our solution methodology. The original
upper value is simply the upper value for the modified cost function with x̌0 set to 0n.

Now, we turn to the estimation design step in the next section.

4 Estimation design

In this section, we will compute the cost-to-come function explicitly, which is the
calculation of the innermost supremization in (4):

sup
x0∈IRn,w[t0,tf ]∈L̄2|x(tf ),y[t0,tf ]

Jγ(µ, ν, x̌0, Q0, Qf )

=: Wγ(tf , x(tf ), u[t0,tf ], y[t0,tf ]) + |x(tf ) |2Qf

This is a one-person linear quadratic optimization problem. To avoid singularity,
it is assumed that
Assumption 1. E(t)(E(t))′ := N(t) ∈ S+m, ∀t ∈ [t0, tf ] ⊂ IR.

We will seek a causal solution in quadratic form:

Wγ(t, x, u[t0,t], y[t0,t]) = − |x− λ(t) |2(Σ(t))−1 + η(t)

Then, the initial condition at t = t0 for Wγ is

Wγ(t0, x0, u[t0,t0], y[t0,t0]) = − |x0 − x̌0 |2γ2Q0

and the cost-to-come function Wγ further satisfies the partial differential equation:

sup
w(t)|y(t)=Cx(t)+Ew(t)

(

− ∂Wγ

∂t
− ∂Wγ

∂x
(A(t)x(t) +B(t)u(t) +D(t)w(t))

+(H(t)x(t) +G(t)u(t))′(H(t)x(t) +G(t)u(t))− γ2(w(t))′w(t)
)

= 0

⇔ −∂Wγ

∂t
− ∂Wγ

∂x
(A(t)x(t) +B(t)u(t)) + (H(t)x(t) +G(t)u(t))′(H(t)x(t)

+G(t)u(t)) − γ2

∣

∣

∣

∣

y(t)− C(t)x(t) +
1

2γ2
E(t)(D(t))′

( ∂Wγ

∂x

)′
∣

∣

∣

∣

2

(N(t))−1
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+
1

4γ2

∂Wγ

∂x
D(t)(D(t))′

( ∂Wγ

∂x

)′

= 0 (6)

where the worst-case disturbance input is (applying Lemma 5 of Pan and Başar (2000))

wop(t) = (E(t))′(N(t))−1(y(t)− C(t)x(t)) − 1

2γ2
(Iq − (E(t))′(N(t))−1E(t))

·(D(t))′
( ∂Wγ

∂x

)′

(7)

Here, the derivation follows closely to the derivation in Appendix B of Pan and Başar
(2000). We will just summarize the result here.

Q(t) := (H(t))′H(t); P (t) := (H(t))′G(t); R(t) := (G(t))′G(t); L(t) := D(t)(E(t))′

Σ̇(t) = (A(t) − L(t)(N(t))−1C(t))Σ(t) + Σ(t)(A(t) − L(t)(N(t))−1C(t))′

−Σ(t)(γ2(C(t))′(N(t))−1C(t) −Q(t))Σ(t) + γ−2D(t)(D(t))′

−γ−2L(t)(N(t))−1(L(t))′; Σ(t0) = γ−2Q−1
0 (8a)

λ̇(t) = (A(t) + Σ(t)Q(t))λ +B(t)u(t) + Σ(t)P (t)u(t) + (γ2Σ(t)(C(t))′

+L(t))(N(t))−1(y(t)− C(t)λ(t)); λ(t0) = x̌0 (8b)

η̇(t) = (H(t)λ(t) +G(t)u(t))′(H(t)λ(t) +G(t)u(t))

−γ2 |y(t)− C(t)λ(t) |2(N(t))−1 ; η(t0) = 0 (8c)

The inner supremum has a finite value if there exists a positive definite solution Σ on
the interval [t0, tf ]. We will define Σ̄ := γ2Σ, then Σ̄ satisfies the well-known estimation
Riccati differential equation

˙̄Σ(t) = (A(t) − L(t)(N(t))−1C(t))Σ̄(t) + Σ̄(t)(A(t) − L(t)(N(t))−1C(t))′

−Σ̄(t)((C(t))′(N(t))−1C(t) − γ−2Q(t))Σ̄(t) +D(t)(D(t))′

−L(t)(N(t))−1(L(t))′; Σ̄(t0) = Q−1
0 (9a)

We will also define x̌ := λ, which is the estimate of the state x based on the form of
Wγ . Then, x̌ satisfy the following dynamics:

˙̌x(t) = (A(t) + γ−2Σ̄(t)Q(t))x̌ +B(t)u(t) + γ−2Σ̄(t)P (t)u(t) + (Σ̄(t)(C(t))′

+L(t))(N(t))−1(y(t)− C(t)x̌(t)); x̌(t0) = x̌0 (9b)

The cost function Jγ , (5), admits the following equivalent form:

Jγ(µ, ν, x̌0, Q0, Qf ) = |x(tf ) |2Qf
− γ2 |x(tf )− x̌(tf ) |2(Σ̄(tf ))−1 +

∫ tf

t0

(
∣

∣H(t)x̌(t)

+G(t)u(t)
∣

∣

2 − γ2
∣

∣y(t)− C(t)x̌(t)
∣

∣

2

(N(t))−1 − γ2 |w(t)− wop(t) |2) dt (9c)
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The upper value of the differential game is then equal to

inf
µ

sup
ν

Jγ(µ, ν, x̌0, Q0, Qf ) = inf
µ

sup
x(tf )∈IRn,y[t0,tf ]∈L̄2

(

Wγ(tf , x(tf ), u[t0,tf ], y[t0,tf ])

+ |x(tf ) |2Qf

)

= inf
µ

sup
x(tf )∈IRn,y[0,tf ]∈L̄2

(

∫ tf

t0

(|H(t)x̌(t) +G(t)u(t) |2 − γ2
∣

∣y(t)

−C(t)x̌(t)
∣

∣

2

(N(t))−1) dt+ |x(tf ) |2Qf
− γ2 |x(tf )− x̌(tf ) |2(Σ̄(tf ))−1

)

(10)

and worst-case disturbance input is

wop(t) = (E(t))′(N(t))−1(y(t)− C(t)x(t)) + (Iq − (E(t))′(N(t))−1E(t))

·(D(t))′(Σ̄(t))−1(x(t) − x̌(t)) (11)

We will complete a square for the last two terms in (10) and maximize out the terminal
state x(tf ), which is finite if γ2(Σ̄(tf ))

−1 −Qf ∈ S+n. The worst-case x(tf ) is

x(tf ) = γ2(γ2(Σ̄(tf ))
−1 −Qf )

−1(Σ̄(tf ))
−1x̌(tf ) = (In − γ−2Σ̄(tf )Qf )

−1x̌(tf ) (12)

and the upper value is equal to

inf
µ

sup
ν

Jγ(µ, ν, x̌0, Q0, Qf )

= inf
µ

sup
y[t0,tf ]∈L̄2

(

∫ tf

t0

(|H(t)x̌(t) +G(t)u(t) |2 − γ2
∣

∣y(t)− C(t)x̌(t)
∣

∣

2

(N(t))−1) dt

+ | x̌(tf ) |2γ2(Σ̄(tf ))−1(γ2(Σ̄(tf ))−1−Qf )−1γ2(Σ̄(tf ))−1−γ2(Σ̄(tf ))−1

)

= inf
µ

sup
y[t0,tf ]∈L̄2

(

∫ tf

t0

(|H(t)x̌(t) +G(t)u(t) |2 − γ2
∣

∣y(t)− C(t)x̌(t)
∣

∣

2

(N(t))−1) dt

+ | x̌(tf ) |2(In−γ−2Qf Σ̄(tf ))−1Qf

)

(13)

This now is an upper value calculation of a full-information game with (9b) as the
system dynamics and (13) as the soft-constrained game cost function.

An equivalent form of the cost function (5) is given as follows, by (9c).

Jγ(µ, ν, x̌0, Q0, Qf ) = −
∣

∣x(tf )− (In − γ−2Σ̄(tf )Qf )
−1x̌(tf )

∣

∣

2

γ2(Σ̄(tf ))−1−Qf

+ | x̌(tf ) |2(In−γ−2Qf Σ̄(tf ))−1Qf
+

∫ tf

t0

(|H(t)x̌(t) +G(t)u(t) |2

−γ2
∣

∣y(t)− C(t)x̌(t)
∣

∣

2

(N(t))−1 − γ2
∣

∣w(t) − (E(t))′(N(t))−1(y(t)− C(t)x(t))

−(Iq − (E(t))′(N(t))−1E(t))(D(t))′(Σ̄(t))−1(x(t) − x̌(t))
∣

∣

2
) dt (14)
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Now, we turn to the control design in the next section.

5 Control design

In this section, we will solve the full-information soft-constrained zero-sum differential
game problem with (9b) as the state dynamics and (13) as the cost function. Instead
of maximizing over y[t0,tf ], we can equivalently maximize over v[t0,tf ] since we are
interested in the upper value of the game, where v(t) := y(t)−C(t)x̌(t), ∀t ∈ [t0, tf ] ⊂
IR. In terms of v, we have the dynamics of x̌ is given by

˙̌x(t) = (A(t) + γ−2Σ̄(t)Q(t))x̌ +B(t)u(t) + γ−2Σ̄(t)P (t)u(t) + (Σ̄(t)(C(t))′

+L(t))(N(t))−1v(t); x̌(t0) = x̌0 (15)

and the upper value of the game is equal to

inf
µ

sup
ν

Jγ(µ, ν, x̌0, Q0, Qf) = inf
µ

sup
v[t0,tf ]∈L̄2

(

∫ tf

t0

(|H(t)x̌(t) +G(t)u(t) |2

−γ2
∣

∣v(t)
∣

∣

2

(N(t))−1) dt+ | x̌(tf ) |2(In−γ−2Qf Σ̄(tf ))−1Qf

)

(16)

This is a standard game problem, and we make the following assumption to avoid
singularity in the optimization.
Assumption 2. R(t) = (G(t))′G(t) ∈ S+ p, ∀t ∈ [t0, tf ] ⊂ IR.

Then, the solution to this problem can be obtained if the following Riccati dif-
ferential equation admits a positive semi-definite solution on the interval [t0, tf ].

0n×n = Ξ̇(t) + Ξ(t)(A(t) + γ−2Σ̄(t)Q(t)− (B(t) + γ−2Σ̄(t)P (t))(R(t))−1(P (t))′)

+(A(t) + γ−2Σ̄(t)Q(t)− (B(t) + γ−2Σ̄(t)P (t))(R(t))−1(P (t))′)′Ξ(t)

−Ξ(t)((B(t) + γ−2Σ̄(t)P (t))(R(t))−1(B(t) + γ−2Σ̄(t)P (t))′

−γ−2(Σ̄(t)(C(t))′ + L(t))(N(t))−1(Σ̄(t)(C(t))′ + L(t))′)Ξ(t)

+Q(t)− P (t)(R(t))−1(P (t))′; Ξ(tf ) = (In − γ−2Qf Σ̄(tf ))
−1Qf (17a)

where the optimal control law is

u(t) = µopt(t, x̌0, y[t0,t]) = −(R(t))−1((B(t)+ γ−2Σ̄(t)P (t))′Ξ(t)+ (P (t))′)x̌(t) (17b)

and the worst case measurement waveform is

y(t) = C(t)x̌(t) + γ−2(C(t)Σ̄(t) + (L(t))′)Ξ(t)x̌(t) (17c)

and the upper value of the game is

inf
µ

sup
ν

Jγ(µ, ν, x̌0, Q0, Qf) = | x̌0 |2Ξ(t0)
(18)
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Clearly, the upper value is zero if x̌0 = 0n.
Using the solution Ξ, we can obtain the following equivalent form of the cost

function Jγ(µ, ν, x̌0, Q0, Qf ) (5),

Jγ(µ, ν, x̌0, Q0, Qf ) = −
∣

∣x(tf )− (In − γ−2Σ̄(tf )Qf )
−1x̌(tf )

∣

∣

2

γ2(Σ̄(tf ))−1−Qf

+ | x̌0 |2Ξ(t0)
+

∫ tf

t0

(
∣

∣u(t) + (R(t))−1((B(t) + γ−2Σ̄(t)P (t))′Ξ(t) + (P (t))′)x̌(t)
∣

∣

2

R(t)

−γ2
∣

∣y(t)− C(t)x̌(t)− γ−2(C(t)Σ̄(t) + (L(t))′)Ξ(t)x̌(t)
∣

∣

2

(N(t))−1

−γ2
∣

∣w(t) − (E(t))′(N(t))−1(y(t)− C(t)x(t)) − (Iq − (E(t))′(N(t))−1E(t))(D(t))′

·(Σ̄(t))−1(x(t)− x̌(t))
∣

∣

2
) dt

= −
∣

∣x(tf )− (In − γ−2Σ̄(tf )Qf )
−1x̌(tf )

∣

∣

2

γ2(Σ̄(tf ))−1−Qf

+ | x̌0 |2Ξ(t0)
+

∫ tf

t0

(
∣

∣u(t) + (R(t))−1((B(t) + γ−2Σ̄(t)P (t))′Ξ(t) + (P (t))′)x̌(t)
∣

∣

2

R(t)

−γ2
∣

∣w(t) − (Iq − (E(t))′(N(t))−1E(t))(D(t))′(Σ̄(t))−1(x(t) − x̌(t))

+(E(t))′(N(t))−1(C(t)(x(t) − x̌(t))− γ−2(C(t)Σ̄(t) + (L(t))′)Ξ(t)x̌(t))
∣

∣

2
) dt (19)

Therefore, the worst case disturbance waveform is given by

w(t) = wopt(t) = (Iq − (E(t))′(N(t))−1E(t))(D(t))′(Σ̄(t))−1(x(t) − x̌(t))

−(E(t))′(N(t))−1(C(t)(x(t) − x̌(t))− γ−2(C(t)Σ̄(t) + (L(t))′)Ξ(t)x̌(t)) (20a)

and the worst case terminal state is

xopt(tf ) = (In − γ−2Σ̄(tf )Qf )
−1x̌(tf ) (20b)

We have solved the H∞-optimal control problem in a sequencial fashion. But,
the second Riccati differential equation (17a) depends on solution to the first Ric-
cati differential equation (9a), and is not the well-known control Riccati differential
equation.

In the next section, we will present an explicit formula that solves Ξ as a function
of Σ̄ and the solution to the well-known control Riccati differential equation.

6 Finite-horizon case

The well-known control Riccati differential equation is as given below:

Ż(t) + Z(t)(A(t) −B(t)(R(t))−1(P (t))′) + (A(t) −B(t)(R(t))−1(P (t))′)′Z(t)

−Z(t)(B(t)(R(t))−1(B(t))′ − γ−2D(t)(D(t))′)Z(t) +Q(t)− P (t)(R(t))−1(P (t))′

= 0n×n; Z(tf ) = Qf (21)
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Based on the terminal condition for Ξ, we conjecture that

Ξ(t) = (In − γ−2Z(t)Σ̄(t))−1Z(t) =: Ξ̄(t) (22)

We will show that Ξ̄ satisfies the Riccati differential equation (17a) by brute force.
Clearly, Ξ̄ satisfies the terminal condition of (17a). To simplify things, we will introduce
the notations: Ā(t) := A(t) − B(t)(R(t))−1(P (t))′, S̄(t) := B(t)(R(t))−1(B(t))′ −
γ−2D(t)(D(t))′, Q̄(t) := Q(t)−P (t)(R(t))−1(P (t))′, Ã(t) := A(t)−L(t)(N(t))−1C(t),
R̃ := (C(t))′(N(t))−1C(t) − γ−2Q(t), M̃ := D(t)(D(t))′ − L(t)(N(t))−1(L(t))′, ∀t ∈
[t0, tf ] ⊂ IR. Then, we have

˙̄Σ = ÃΣ̄ + Σ̄Ã′ − Σ̄R̃Σ̄ + M̃ ; Σ̄(t0) = Q−1
0

Ż = −Ā′Z − ZĀ+ ZS̄Z − Q̄; Z(tf ) = Qf

and

˙̄Ξ = (In − γ−2ZΣ̄)−1Ż − (In − γ−2ZΣ̄)−1(−γ−2ŻΣ̄− γ−2Z ˙̄Σ)(In − γ−2ZΣ̄)−1Z

= (In − γ−2ZΣ̄)−1(−Ā′Z − ZĀ+ ZS̄Z − Q̄) + γ−2(In − γ−2ZΣ̄)−1ŻΣ̄Ξ̄

+γ−2Ξ̄ ˙̄ΣΞ̄

= −(In − γ−2ZΣ̄)−1Ā′Z − Ξ̄Ā+ Ξ̄S̄Z − (In − γ−2ZΣ̄)−1Q̄

+γ−2(In − γ−2ZΣ̄)−1(−Ā′Z − ZĀ+ ZS̄Z − Q̄)Σ̄Ξ̄

+γ−2Ξ̄(ÃΣ̄ + Σ̄Ã′ − Σ̄R̃Σ̄ + M̃)Ξ̄

= −(In − γ−2ZΣ̄)−1Ā′Z − Ξ̄Ā+ Ξ̄S̄Z − (In − γ−2ZΣ̄)−1Q̄

−γ−2(In − γ−2ZΣ̄)−1Ā′ZΣ̄Ξ̄− γ−2Ξ̄ĀΣ̄Ξ̄ + γ−2Ξ̄S̄ZΣ̄Ξ̄− γ−2(In

−γ−2ZΣ̄)−1Q̄Σ̄Ξ̄ + γ−2Ξ̄ÃΣ̄Ξ̄ + γ−2Ξ̄Σ̄Ã′Ξ̄− γ−2Ξ̄Σ̄R̃Σ̄Ξ̄ + γ−2Ξ̄M̃ Ξ̄

= −(In − γ−2ZΣ̄)−1Ā′(In + γ−2ZΣ̄(In − γ−2ZΣ̄)−1)Z − Ξ̄Ā

+Ξ̄S̄(In + γ−2ZΣ̄(In − γ−2ZΣ̄)−1)Z − (In − γ−2ZΣ̄)−1Q̄

−γ−2Ξ̄ĀΣ̄Ξ̄− γ−2(In − γ−2ZΣ̄)−1Q̄Σ̄Ξ̄

+γ−2Ξ̄ÃΣ̄Ξ̄ + γ−2Ξ̄Σ̄Ã′Ξ̄− γ−2Ξ̄Σ̄R̃Σ̄Ξ̄ + γ−2Ξ̄M̃ Ξ̄

= −(In − γ−2ZΣ̄)−1Ā′Ξ̄− Ξ̄Ā+ Ξ̄S̄Ξ̄− (In − γ−2ZΣ̄)−1Q̄

−γ−2Ξ̄ĀΣ̄Ξ̄− γ−2(In − γ−2ZΣ̄)−1Q̄Σ̄Ξ̄

+γ−2Ξ̄ÃΣ̄Ξ̄ + γ−2Ξ̄Σ̄Ã′Ξ̄− γ−2Ξ̄Σ̄R̃Σ̄Ξ̄ + γ−2Ξ̄M̃ Ξ̄

Note that (Ξ̄(t))′ = Z(t)(In − γ−2Σ̄(t)Z(t))−1 = Z(t)(In + γ−2Σ̄(t)(In −
γ−2Z(t)Σ̄(t))−1Z(t)) = Z(t) + γ−2Z(t)Σ̄(t)(In − γ−2Z(t)Σ̄(t))−1Z(t) = (In +
γ−2Z(t)Σ̄(t)(In − γ−2Z(t)Σ̄(t))−1)Z(t) = (In − γ−2Z(t)Σ̄(t))−1Z(t) = Ξ̄(t), ∀t ∈
[t0, tf ] ⊂ IR, by standard matrix identity. Then, Ξ̄(t) ∈ Sn. Using this in the ˙̄Ξ formula,
we have

˙̄Ξ = −(In − γ−2ZΣ̄)−1Ā′Ξ̄− Ξ̄Ā(In + γ−2Σ̄Ξ̄) + Ξ̄S̄Ξ̄

−(In − γ−2ZΣ̄)−1Q̄(In + γ−2Σ̄Ξ̄)
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+γ−2Ξ̄ÃΣ̄Ξ̄ + γ−2Ξ̄Σ̄Ã′Ξ̄− γ−2Ξ̄Σ̄R̃Σ̄Ξ̄ + γ−2Ξ̄M̃ Ξ̄

= −(In − γ−2ZΣ̄)−1Ā′Ξ̄− Ξ̄Ā(In + γ−2Σ̄Z(In − γ2Σ̄Z)−1) + Ξ̄S̄Ξ̄

−(In − γ−2ZΣ̄)−1Q̄(In + γ−2Σ̄Z(In − γ2Σ̄Z)−1)

+γ−2Ξ̄ÃΣ̄Ξ̄ + γ−2Ξ̄Σ̄Ã′Ξ̄− γ−2Ξ̄Σ̄R̃Σ̄Ξ̄ + γ−2Ξ̄M̃ Ξ̄

= −(In − γ−2ZΣ̄)−1Ā′Ξ̄− Ξ̄Ā(In − γ2Σ̄Z)−1 + Ξ̄S̄Ξ̄

−(In − γ−2ZΣ̄)−1Q̄(In − γ2Σ̄Z)−1

+γ−2Ξ̄ÃΣ̄Ξ̄ + γ−2Ξ̄Σ̄Ã′Ξ̄− γ−2Ξ̄Σ̄R̃Σ̄Ξ̄ + γ−2Ξ̄M̃ Ξ̄

Plug the expressions for ˙̄Ξ and Ξ̄ into the right-hand-side of (17a), we have

˙̄Ξ + Ξ̄(Ā+ γ−2Σ̄Q̄) + (Ā+ γ−2Σ̄Q̄)′Ξ̄− Ξ̄((B + γ−2Σ̄P )R−1(B + γ−2Σ̄P )′

−γ−2(Σ̄C′ + L)N−1(Σ̄C′ + L)′)Ξ̄ + Q̄

= −(In − γ−2ZΣ̄)−1Ā′Ξ̄− Ξ̄Ā(In − γ2Σ̄Z)−1 − (In − γ−2ZΣ̄)−1Q̄(In − γ2Σ̄Z)−1

+γ−2Ξ̄ÃΣ̄Ξ̄ + γ−2Ξ̄Σ̄Ã′Ξ̄− γ−2Ξ̄Σ̄R̃Σ̄Ξ̄ + γ−2Ξ̄M̃ Ξ̄ + Ξ̄S̄Ξ̄

+Ξ̄(Ā+ γ−2Σ̄Q̄) + (Ā+ γ−2Σ̄Q̄)′Ξ̄− Ξ̄((B + γ−2Σ̄P )R−1(B + γ−2Σ̄P )′

−γ−2(Σ̄C′ + L)N−1(Σ̄C′ + L)′)Ξ̄ + Q̄

= −(In − γ−2ZΣ̄)−1Ā′Ξ̄ + Ā′Ξ̄− Ξ̄Ā(In − γ2Σ̄Z)−1 + Ξ̄Ā

+γ−2Ξ̄ÃΣ̄Ξ̄ + γ−2Ξ̄Σ̄Ã′Ξ̄− γ−2Ξ̄Σ̄R̃Σ̄Ξ̄ + γ−2Ξ̄M̃ Ξ̄ + Ξ̄S̄Ξ̄

−Ξ̄((B + γ−2Σ̄P )R−1(B + γ−2Σ̄P )′ − γ−2(Σ̄C′ + L)N−1(Σ̄C′ + L)′)Ξ̄

+Q̄− (In − γ−2ZΣ̄)−1Q̄(In − γ2Σ̄Z)−1 + Ξ̄γ−2Σ̄Q̄+ Q̄γ−2Σ̄Ξ̄

= (In − γ−2ZΣ̄)−1(In − γ−2ZΣ̄− In)Ā
′Ξ̄ + Ξ̄Ā(In − γ−2Σ̄Z − In)(In − γ2Σ̄Z)−1

+γ−2Ξ̄ÃΣ̄Ξ̄ + γ−2Ξ̄Σ̄Ã′Ξ̄− γ−2Ξ̄Σ̄R̃Σ̄Ξ̄ + Ξ̄(S̄ + γ−2M̃)Ξ̄

−Ξ̄(BR−1B′ + γ−2Σ̄PR−1B′ +BR−1P ′γ−2Σ̄ + γ−2Σ̄PR−1P ′γ−2Σ̄

−γ−2Σ̄C′N−1CΣ̄− γ−2LN−1CΣ̄− γ−2Σ̄C′N−1L′ − LN−1γ−2L′)Ξ̄

+Q̄(In + γ−2Σ̄Z(In − γ2Σ̄Z)−1)− (In − γ−2ZΣ̄)−1Q̄(In − γ2Σ̄Z)−1 + Ξ̄γ−2Σ̄Q̄

= −γ−2Ξ̄Σ̄Ā′Ξ̄− γ−2Ξ̄ĀΣ̄Ξ̄ + γ−2Ξ̄ÃΣ̄Ξ̄ + γ−2Ξ̄Σ̄Ã′Ξ̄− γ−2Ξ̄Σ̄R̃Σ̄Ξ̄

+Ξ̄(BR−1B′ − γ−2LN−1L′)Ξ̄

−Ξ̄(BR−1B′ + γ−2Σ̄PR−1B′ +BR−1P ′γ−2Σ̄ + γ−2Σ̄PR−1P ′γ−2Σ̄

−γ−2Σ̄C′N−1CΣ̄− γ−2LN−1CΣ̄− γ−2Σ̄C′N−1L′ − γ−2LN−1L′)Ξ̄

+Q̄(In − γ2Σ̄Z)−1 − (In − γ−2ZΣ̄)−1Q̄(In − γ2Σ̄Z)−1 + Ξ̄γ−2Σ̄Q̄

= γ−2Ξ̄(Ã− Ā)Σ̄Ξ̄ + γ−2Ξ̄Σ̄(Ã′ − Ā′)Ξ̄− γ−2Ξ̄Σ̄R̃Σ̄Ξ̄

−Ξ̄(γ−2Σ̄PR−1B′ +BR−1P ′γ−2Σ̄ + γ−2Σ̄PR−1P ′γ−2Σ̄

−γ−2Σ̄C′N−1CΣ̄− γ−2LN−1CΣ̄− γ−2Σ̄C′N−1L′)Ξ̄

+(In − γ−2ZΣ̄)−1(In − γ−2ZΣ̄− In)Q̄(In − γ2Σ̄Z)−1 + γ−2Ξ̄Σ̄Q̄

= γ−2Ξ̄(−LN−1C +BR−1P ′)Σ̄Ξ̄ + γ−2Ξ̄Σ̄(−LN−1C +BR−1P ′)′Ξ̄− γ−2Ξ̄Σ̄R̃Σ̄Ξ̄

−Ξ̄(γ−2Σ̄PR−1B′ +BR−1P ′γ−2Σ̄ + γ−2Σ̄PR−1P ′γ−2Σ̄

−γ−2Σ̄C′N−1CΣ̄− γ−2LN−1CΣ̄− γ−2Σ̄C′N−1L′)Ξ̄
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−γ−2Ξ̄Σ̄Q̄(In − γ2Σ̄Z)−1 + γ−2Ξ̄Σ̄Q̄

= −γ−2Ξ̄Σ̄R̃Σ̄Ξ̄− γ−2Ξ̄(γ−2Σ̄PR−1P ′Σ̄− Σ̄C′N−1CΣ̄)Ξ̄

+γ−2Ξ̄Σ̄Q̄(In − γ2Σ̄Z − In)(In − γ2Σ̄Z)−1

= γ−2Ξ̄Σ̄(−R̃− γ−2PR−1P ′ + C′N−1C − γ−2Q̄)Σ̄Ξ̄

= γ−2Ξ̄Σ̄(−C′N−1C + γ−2Q− γ−2PR−1P ′ + C′N−1C − γ−2Q̄)Σ̄Ξ̄ = 0n×n

Hence, Ξ̄ is the solution to the Riccati differential equation (17a) by uniqueness of
solutions to ordinary differential equations.

Thus, under the assumption
Assumption 3. The generalized Riccati differential equations (9a) and (21) admits
solutions on the interval [t0, tf ], and they satisfy the spectral radius condition: all
eigenvalues of the matrix Σ̄(t)Z(t) (which are nonnegative real to begin with) are less
than γ2, ∀t ∈ [t0, tf ] ⊂ IR.

Then, the upper value of the game with cost function Jγ(µ, ν, x̌0, Q0, Qf ) (5) is

finite, and is equal to | x̌0 |2Ξ(t0)
= | x̌0 |2(In−γ−2Z(t0)Q

−1
0 )−1Z(t0)

.

We summarize the above finding in the following theorem.
Theorem 1. Consider the continuous-time linear time-varying system (1) with the
soft-constrained zero-sum game cost function (5) with Q0 ∈ S+n and Qf ∈ Spsd n.
Let the matrix-valued functions A, B, D, C, E, H, and G be bounded and BB (IR)-
measurable on the interval [t0, tf ]. Fix any γ ∈ IR+, if Assumptions 1 — 3 hold, then
Σ̄(t) ∈ S+n, Z(t) ∈ Spsdn, ∀t ∈ [t0, tf ] ⊂ IR, and the upper value of the game is finite

and given by | x̌0 |2Ξ(t0)
= | x̌0 |2(In−γ−2Z(t0)Q

−1
0 )−1Z(t0)

. Furthermore, a controller that

achieves the upper value is given by

˙̌x(t) = (A(t) + γ−2Σ̄(t)Q(t))x̌(t) +B(t)u(t) + γ−2Σ̄(t)P (t)u(t) + (Σ̄(t)(C(t))′

+L(t))(N(t))−1(y(t)− C(t)x̌(t)); x̌(t0) = x̌0 (23a)

u(t) = µopt(t, x̌0, y[t0,t])

= −(R(t))−1((B(t))′Z(t) + (P (t))′)(In − γ−2Σ̄(t)Z(t))−1x̌(t) (23b)

Define

x̂(t) := (In − γ−2Σ̄(t)Z(t))−1x̌(t) (24)

Then, the corresponding worst-case disturbance waveform and worst-case initial
condition is given by

˙̂x(t) = (A(t) −B(t)(R(t))−1((B(t))′Z(t) + (P (t))′) + γ−2D(t)(D(t))′Z(t))x̂(t) (25a)

w(t) = wopt(t) = γ−2(D(t))′Z(t)x̂(t) + (E(t))′(N(t))−1(C(t)Σ̄(t) + (L(t))′)(Σ̄(t))−1

·(x̂(t)− x(t)) + (D(t))′(Σ̄(t))−1(x(t) − x̂(t)) (25b)

x0 = x̂(t0) = (In − γ−2Q−1
0 Z(t0))

−1x̌0 (25c)

Proof. By Proposition 9.4 of Başar and Bernhard (1995) and the fact that Σ̄ and Z are
solution to the generalized Riccati differential equations (9a) and (21), respectively,
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we have Σ̄(t), Z(t) ∈ Spsd n, ∀t ∈ [t0, tf ] ⊂ IR. Since Q0 ∈ S+n, then Σ̄(t) ∈ S+n,
∀t ∈ [t0, tf ] ⊂ IR.

Note that (17b) is identical to (23b). Note also that the worst-case disturbance
policy (20a) is identical to (25b) as follows.

wopt(t) = E′N−1(Cx̌+ γ−2(CΣ̄ + L′)Ξx̌− Cx) + (Iq − E′N−1E)D′Σ̄−1(x− x̌)

= E′N−1C(x̂− x) + γ−2E′N−1L′Zx̂

+(Iq − E′N−1E)D′Σ̄−1(x− x̂) + γ−2(Iq − E′N−1E)D′Zx̂

= E′N−1C(x̂− x) + (Iq − E′N−1E)D′Σ̄−1(x− x̂) + γ−2D′Zx̂

= γ−2D′Zx̂+ E′N−1(CΣ̄ + L′)Σ̄−1(x̂ − x) +D′Σ̄−1(x− x̂)

We have the following equivalent form of the cost function (5), by (19),

Jγ(µ, ν, x̌0, Q0, Qf ) = −
∣

∣x(tf )− (In − γ−2Σ̄(tf )Qf )
−1x̌(tf )

∣

∣

2

γ2(Σ̄(tf ))−1−Qf

+ | x̌0 |2Ξ(t0)
+

∫ tf

t0

(
∣

∣u(t) + (R(t))−1((B(t))′Z(t) + (P (t))′)x̂(t)
∣

∣

2

R(t)

−γ2
∣

∣w(t) − γ−2(D(t))′Z(t)x̂(t)− (E(t))′(N(t))−1(C(t)Σ̄(t) + (L(t))′)(Σ̄(t))−1

·(x̂(t)− x(t))− (D(t))′(Σ̄(t))−1(x(t) − x̂(t))
∣

∣

2
) dt (26)

Hence, the controller µopt given by (23) achieves the upper value | x̌0 |2Ξ(t0)
.

To show the corresponding worst-case disturbance waveform and worst-case initial
condition is given by (25), we will obtain the dynamics for x̂ under the optimal control
law (23) and the maximizer policy (20).

˙̂x = (In − γ−2Σ̄Z)−1 ˙̌x+ γ−2(In − γ−2Σ̄Z)−1( ˙̄ΣZ + Σ̄Ż)(In − γ−2Σ̄Z)−1x̌

= (In − γ−2Σ̄Z)−1((A+ γ−2Σ̄Q)x̌− (B + γ−2Σ̄P )R−1(B′Z + P ′)x̂ + γ−2(Σ̄C′

+L)N−1(CΣ̄ + L′)Ξx̌) + γ−2(In − γ−2Σ̄Z)−1 ˙̄ΣZx̂+ γ−2(In − γ−2Σ̄Z)−1Σ̄Żx̂

= (In − γ−2Σ̄Z)−1(A+ γ−2Σ̄Q)(In − γ−2Σ̄Z)x̂

−(In − γ−2Σ̄Z)−1(B + γ−2Σ̄P )R−1(B′Z + P ′)x̂

+γ−2(In − γ−2Σ̄Z)−1(Σ̄C′ + L)N−1(CΣ̄ + L′)Zx̂

+γ−2(In − γ−2Σ̄Z)−1ÃΣ̄Zx̂+ γ−2(In − γ−2Σ̄Z)−1Σ̄Ã′Zx̂

−γ−2(In − γ−2Σ̄Z)−1Σ̄R̃Σ̄Zx̂+ γ−2(In − γ−2Σ̄Z)−1M̃Zx̂

−γ−2(In − γ−2Σ̄Z)−1Σ̄Ā′Zx̂− γ−2(In − γ−2Σ̄Z)−1Σ̄ZĀx̂

+γ−2(In − γ−2Σ̄Z)−1Σ̄ZS̄Zx̂− γ−2(In − γ−2Σ̄Z)−1Σ̄Q̄x̂

= (In − γ−2Σ̄Z)−1(A(In − γ−2Σ̄Z) + γ−2ÃΣ̄Z)x̂

+γ−2(In − γ−2Σ̄Z)−1Σ̄Q(In − γ−2Σ̄Z)x̂

−(In − γ−2Σ̄Z)−1(B + γ−2Σ̄P )R−1(B′Z + P ′)x̂

+γ−2(In − γ−2Σ̄Z)−1(Σ̄C′ + L)N−1(CΣ̄ + L′)Zx̂

+γ−2(In − γ−2Σ̄Z)−1Σ̄(Ã′ − Ā′)Zx̂− γ−2(In − γ−2Σ̄Z)−1Σ̄ZĀx̂

14



−γ−2(In − γ−2Σ̄Z)−1Σ̄R̃Σ̄Zx̂+ γ−2(In − γ−2Σ̄Z)−1M̃Zx̂

+γ−2(In − γ−2Σ̄Z)−1Σ̄ZS̄Zx̂− γ−2(In − γ−2Σ̄Z)−1Σ̄Q̄x̂

= (In − γ−2Σ̄Z)−1(A− γ−2LN−1CΣ̄Z)x̂

+γ−2(In − γ−2Σ̄Z)−1Σ̄(Q(In − γ−2Σ̄Z)− Q̄)x̂

−(In − γ−2Σ̄Z)−1(BR−1B′Z + γ−2Σ̄PR−1B′Z +BR−1P ′ + γ−2Σ̄PR−1P ′)x̂

+γ−2(In − γ−2Σ̄Z)−1(Σ̄C′N−1CΣ̄ + LN−1CΣ̄ + Σ̄C′N−1L′ + LN−1L′)Zx̂

+γ−2(In − γ−2Σ̄Z)−1Σ̄(PR−1B′ − C′N−1L′)Zx̂− γ−2(In − γ−2Σ̄Z)−1Σ̄ZĀx̂

−γ−2(In − γ−2Σ̄Z)−1Σ̄R̃Σ̄Zx̂+ γ−2(In − γ−2Σ̄Z)−1M̃Zx̂

+γ−2(In − γ−2Σ̄Z)−1Σ̄ZS̄Zx̂

= (In − γ−2Σ̄Z)−1Ax̂− γ−2(In − γ−2Σ̄Z)−1Σ̄ZĀx̂

+γ−2(In − γ−2Σ̄Z)−1Σ̄(PR−1P ′ − γ−2QΣ̄Z)x̂

−(In − γ−2Σ̄Z)−1(BR−1B′Z +BR−1P ′ + γ−2Σ̄PR−1P ′)x̂

+γ−2(In − γ−2Σ̄Z)−1(Σ̄C′N−1CΣ̄ + LN−1L′)Zx̂

−γ−2(In − γ−2Σ̄Z)−1Σ̄(C′N−1C − γ−2Q)Σ̄Zx̂+ γ−2(In − γ−2Σ̄Z)−1M̃Zx̂

+γ−2(In − γ−2Σ̄Z)−1Σ̄ZS̄Zx̂

= Ax̂+ γ−2(In − γ−2Σ̄Z)−1Σ̄ZBR−1P ′x̂

−(In − γ−2Σ̄Z)−1(BR−1B′Z +BR−1P ′)x̂

+γ−2(In − γ−2Σ̄Z)−1(LN−1L′)Zx̂

+γ−2(In − γ−2Σ̄Z)−1M̃Zx̂

+γ−2(In − γ−2Σ̄Z)−1Σ̄ZS̄Zx̂

= Ax̂+ γ−2(In − γ−2Σ̄Z)−1Σ̄ZBR−1P ′x̂− (In − γ−2Σ̄Z)−1BR−1P ′x̂

−(In − γ−2Σ̄Z)−1BR−1B′Zx̂+ γ−2(In − γ−2Σ̄Z)−1Σ̄ZS̄Zx̂

+γ−2(In − γ−2Σ̄Z)−1DD′Zx̂

= Ax̂−BR−1P ′x̂

−(In − γ−2Σ̄Z)−1S̄Zx̂+ γ−2(In − γ−2Σ̄Z)−1Σ̄ZS̄Zx̂

= Ax̂−BR−1P ′x̂−BR−1B′Zx̂+ γ−2DD′Zx̂

= Ax̂−BR−1(B′Z + P ′)x̂+ γ−2DD′Zx̂

The dynamics of x under the optimal control law (23) and worst-case disturbance
policy (20) is given by

ẋ = Ax−BR−1(B′Z + P ′)x̂+ γ−2DD′Zx̂+D(D′ − EN−1(L′ + CΣ̄))Σ̄−1(x− x̂)

Since the worst choice for x(tf ) is x̂(tf ), then x(t) ≡ x̂(t), ∀t ∈ [t0, tf ] ⊂ IR
by the uniqueness of solutions to ordinary differential equations. Hence, w(t) ≡
γ−2(D(t))′Z(t)x̂(t) since x ≡ x̂ on the interval [t0, tf ]. This proves that the worst-case
choice for x0 is x̂(t0) and the worst-case disturbance waveform is given by (25b).

This completes the proof of the theorem.
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7 Infinite-horizon case

In this section, we consider the infinite-horizon case of theH∞-optimal control problem
under imperfect state measurements. The system under consideration is (1), where
A, B, D, C, E, H , and G are constant matrices of appropriate dimensions. The time
interval under consideration is IR, and x(−∞) = x̌0 = 0n, w(−∞,∞) ∈ L̄2(IR, IR

q),
Q0 = ∞In, and Qf = 0n×n. The cost function is

Jγ∞(µ, ν) = lim
t0↓−∞,tf↑∞

Jγ(µ, ν, x̌(t0),∞In,0n×n) (27)

where µ is restricted to internally stabilizing causal linear time-invariant controllers,
i. e., we have the set

M :=
{

µ : IR× IRn × L̄2(IR, IR
m) → IRp

∣

∣ µ is an internally stabilizing

linear time-invariant causal controller.
}

Then, the generalized Riccati differential equations (9a) and (21) are given by

˙̄Σ = ÃΣ̄ + Σ̄Ã′ − Σ̄R̃Σ̄ + M̃ ; Σ̄(t0) = 0n×n (28)

Ż = −Ā′Z − ZĀ+ ZS̄Z − Q̄; Z(tf ) = 0n×n (29)

where t0 ↓ −∞ and tf ↑ ∞. We will denote the solution to the above generalized
Riccati differential equations by Σ̄(t; t0) and Z(t; tf ). We seek stabilizing solutions to
the generalized algebraic Riccati equations

ÃΣ̄∞ + Σ̄∞Ã′ − Σ̄∞R̃Σ̄∞ + M̃ = 0n×n (30)

Ā′Z∞ + Z∞Ā− Z∞S̄Z∞ + Q̄ = 0n×n (31)

such that Ãf := Ã−Σ̄∞R̃, Ãf1 := Ã−Σ̄∞C′N−1C, Āf1 := Ā−BR−1B′Z∞, and Āf :=

Ā− S̄Z∞ are Hurwitz matrices. Let Hc :=

[

Ā −S̄
−Q̄ −Ā′

]

be the Hamiltonian matrix for

the control generalized algebraic Riccati equation (31) and Ho :=

[

Ã′ −R̃

−M̃ −Ã

]

be the

Hamiltonian matrix for the estimation generalized algebraic Riccati equation (30).
Then, we have the following results.

Proposition 2. Consider the Hamiltonian Hc ∈ IR2n×2n under Assumption 2. The
generalized algebraic Riccati equation (31) admits a solution Z∞ ∈ IRn×n such that
the matrix Āf is a Hurwitz matrix (then Z∞ is called the stabilizing solution) if, and
only if, Hc does not have any eigenvalue on the imaginary axis and its stable invariant

subspace is span

([

X1

X2

])

with X1, X2 ∈ IRn×n and X1 is invertible. Furthermore,

under the above condition, the stabilizing solution Z∞ is unique and Z∞ = X2X
−1
1 ∈

Sn.

Proof. This is a direct consequence of Theorem 13.5 of Zhou et al. (1996).
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Proposition 3. Consider the Hamiltonian Hc ∈ IR2n×2n under Assumption 2. Let
the generalized algebraic Riccati equation (31) admit the stabilizing solution Z∞ ∈ Sn.
Then, the following statements hold.

(i) Then, the pair (Ā − BR−1B′Z∞, D) is stabilizable, the pair
(Ā − BR−1B′Z∞, γ−1D′Z∞) is detectable, and therefore the pair
(Ā−BR−1B′Z∞, γ−2Z∞DD′Z∞) is detectable.

(ii) Z∞ ∈ Spsdn if, and only if, the matrix Āf1 = Ā−BR−1B′Z∞ is Hurwitz. Under
this assumption, then the pair (A,B) is stabilizable, and the pair (Ā, B′Z∞) is
detectable, and therefore the pair (Ā, Z∞BR−1B′Z∞) is detectable, and the pair
(Ā, Q̄+ γ−2Z∞DD′Z∞) has no unobservable mode on the imaginary axis.

(iii) If the pair (Ā, Q̄) is detectable and Z∞ ∈ Spsdn, then, we have limtf↑∞ Z(t; tf) ↑
Z∞, i. e., Z∞ is the least positive semi-definite solution to the generalized algebraic
Riccati equation (31).

(iv) If the pair (Ā, Q̄) has no unobservable mode in C− and Z∞ ∈ Spsdn, then we
have Z∞ ∈ S+n.

(v) Z∞ ∈ Spsdn implies that the pair (Ā, Q̄) has no unobservable mode on the
imaginary axis.

Proof. (i) Since Z∞ is the stabilizing solution to generalized algebraic Riccati equation
(31), then the matrix Ā − S̄Z∞ = Āf1 + γ−2DD′Z∞ is Hurwitz. Then, we have the
pair (Āf1, D) is stabilizable (with the stabilizing controller gain of γ−2D′Z∞), and the
pair (Āf1, γ

−1D′Z∞) is detectable (with the stabilizing observer gain γ−1D). Then,
the pair (Āf1, γ

−2Z∞DD′Z∞) is detectable.
(ii) Let Z∞ ∈ Spsdn. Then, we rewrite the generalized algebraic Riccati equation

(31) as

Ā′
f1Z∞ + Z∞Āf1 + Z∞BR−1B′Z∞ + γ−2Z∞DD′Z∞ + Q̄ = 0n×n

By the detectability of the pair (Āf1, γ
−2Z∞DD′Z∞), we have the pair

(Āf1, Z∞BR−1B′Z∞ + γ−2Z∞DD′Z∞ + Q̄) is detectable (since the matrices Q̄ ∈
Spsdn and Z∞BR−1B′Z∞ ∈ Spsdn). Then, by Z∞ ∈ Spsd n, we must have the matrix
Āf1 is Hurwitz.

On the other hand, let the matrix Āf1 be Hurwitz. Then, the algebraic Riccati
equation

Ā′Ẑ + ẐĀ− ẐBR−1B′Ẑ + γ−2Z∞DD′Z∞ + Q̄ = 0n×n (32)

admits the stabilizing solution Ẑ = Z∞. By Theorem 13.7 of Zhou et al. (1996), we
have Z∞ ∈ Spsdn.

Under this assumption, by Theorem 13.7 of Zhou et al. (1996), then the pair (Ā, B)
is stabilizable and the pair (Ā, Q̄ + γ−2Z∞DD′Z∞) has no unobservable mode on
the imaginary axis. It is clear that the pair (Ā, B) is stabilizable if, and only if, the
pair (A,B) is stabilizable. Furthermore, the pair (Ā, B′Z∞) is detectable (with the
stabilizing observer gain −BR−1). Then, the pair (Ā, Z∞BR−1B′Z∞) is detectable.

(iii) Let the pair (Ā, Q̄) is detectable and Z∞ ∈ Spsdn. Then, by (ii), the pair
(A,B) is stabilizable and Āf1 is Hurwitz.

It should be clear that Z(t; tf ) is nondecreasing in tf , that is Z(t; tf1) ≤ Z(t; tf2),
∀t, tf1, tf2 ∈ IR with t ≤ tf1 ≤ tf2. Then, Z(t; tf ) ≥ 0n×n, ∀t, tf ∈ IR with t ≤ tf . Since

17



Z∞ is a solution to generalized Riccati differential equation (29), with terminal value
Z(tf ; tf ) = Z∞ ≥ 0n×n, then, we have Z(t; tf ) ≤ Z∞, ∀t, tf ∈ IR with t ≤ tf . Thus,
limtf↑∞ Z(t; tf ) =: Z̄∞, where Z̄∞ must be the least positive semi-definite solution to
the generalized algebraic Riccati equation (31). This implies that Z̄∞ ≤ Z∞.

Since the pair (Ā, Q̄) is detectable, then the pair ( ˆ̄Af1, Q̄ + Z̄∞BR−1B′Z̄∞) is

detectable, where ˆ̄Af1 := Ā−BR−1B′Z̄∞. This further implies that the pair ( ˆ̄Af1, Q̄+
Z̄∞BR−1B′Z̄∞ + γ−2Z̄∞DD′Z̄∞) is detectable. By

ˆ̄A′
f1Z̄∞ + Z̄∞

ˆ̄Af1 + Q̄+ Z̄∞BR−1B′Z̄∞ + γ−2Z̄∞DD′Z̄∞ = 0n×n

and Z̄∞ ∈ Spsdn, then the matrix ˆ̄Af1 is Hurwitz.
We will show that the matrix Ā− S̄Z̄∞ is Hurwitz, then by Proposition 2, we have

limtf↑∞ Z(t; tf ) = Z̄∞ = Z∞. This then completes the proof of (iii).

By the detectability of the pair (Ā, Q̄), there exists a T ∈ IRn×n and T is invertible

such that T−1ĀT =

[

Āo 0

Āōo Āō

]

, T ′Q̄T =

[

Q̄o 0

0 0

]

, T−1B =

[

Bo

Bō

]

, T−1D =

[

Do

Dō

]

,

T−1S̄T−′ =

[

BoR
−1B′

o − γ−2DoD
′
o BoR

−1B′
ō − γ−2DoD

′
ō

BōR
−1B′

o − γ−2DōD
′
o BōR

−1B′
ō − γ−2DōD

′
ō

]

=:

[

S̄o S̄oō

S̄′
oō S̄ō

]

, the pair

(Āo, Q̄o) is observable, and Āō is Hurwitz. Here, we just partitioned the system into

observable and unobservable parts, and all partitioning are compatible. Let ˇ̄Z∞ :=
T ′Z̄∞T and Ž := T ′ZT , then

˙̌Z + (T−1ĀT )′Ž + Ž(T−1ĀT )− Ž(T−1S̄T−′)Ž + T ′Q̄T = 0n×n; Ž(tf ) = 0n×n (33)

Now, partition Ž compatibly as

[

Žo Žoō

Ž ′
oō Žō

]

. Then, it is easy to check that Žō(t) = 0

and Žoō(t) = 0, ∀t ∈ [t0, tf ], and Žo satisfies the generalized Riccati differential
equation

˙̌Zo + Ā′
oŽo + ŽoĀo − ŽoS̄oŽo + Q̄o = 0; Žo(tf ) = 0 (34)

Then, ˇ̄Z∞ = limtf↑∞ Ž(t; tf ) =

[

limtf↑∞ Žo(t; tf ) 0

0 0

]

=:

[ ˇ̄Zo 0

0 0

]

and ˇ̄Zo is

positive semi-definite. By the stability of the matrix ˆ̄Af1, we have the matrix
[

Āo −BoR
−1B′

o
ˇ̄Zo 0

Āōo −BōR
−1B′

o
ˇ̄Zo Āō

]

is Hurwitz, and therefore the matrix Āo − BoR
−1B′

o
ˇ̄Zo

is Hurwitz. By the observability of the pair (Āo, Q̄o), we have that the pair

(Āo − BoR
−1B′

o
ˇ̄Zo, Q̄o + ˇ̄ZoBoR

−1B′
o
ˇ̄Zo) is observable, and then the pair (Āo −

BoR
−1B′

o
ˇ̄Zo, Q̄o +

ˇ̄Zo(BoR
−1B′

o + γ−2DoD
′
o)

ˇ̄Zo) is observable. Note that ˇ̄Zo satisfies
the generalized algebraic Riccati equation

Ā′
o
ˇ̄Zo +

ˇ̄ZoĀo − ˇ̄ZoS̄o
ˇ̄Zo + Q̄o = 0 (35)
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which can be written as

(Āo −BoR
−1B′

o
ˇ̄Zo)

′ ˇ̄Zo +
ˇ̄Zo(Āo −BoR

−1B′
o
ˇ̄Zo)

+ ˇ̄Zo(BoR
−1B′

o + γ−2DoD
′
o)

ˇ̄Zo + Q̄o = 0

and hence ˇ̄Zo is a positive definite matrix.

The inverse of ˇ̄Zo then satisfy the following Riccati equation:

− ˇ̄Z−1
o Ā′

o − Āo
ˇ̄Z−1
o − ˇ̄Z−1

o Q̄o
ˇ̄Z−1
o + S̄o = 0 (36)

Since ˇ̄Zo = limtf↑∞ Žo(t; tf ) is the least positive semi-definite solution to (35), then
ˇ̄Z−1
o is the maximal solution to the Riccati equation (36). (Since any solution ˜̄Zo to Ric-

cati equation (36) with ˜̄Zo ≥ ˇ̄Z−1
o , then it is positive definite and invertible such that

˜̄Z−1
o satisfies generalized algebraic Riccati equation (35). Now, 0 < ˜̄Z−1

o ≤ ˇ̄Zo, by the

minimality of ˇ̄Zo, we have
˜̄Z−1
o = ˇ̄Zo. Hence the maximality.) Since the pair (Āo, Q̄o) is

observable, then the pair (−Ā′
o,−Q̄o) is controllable. By (i) of Theorem 13.11 of Zhou

et al. (1996), we have the matrix −Ā′
o − Q̄o

ˇ̄Z−1
o has all eigenvalues in the closed left-

half of the complex plane. Then, by the fact that ˇ̄Z−1
o (−Ā′

o− Q̄o
ˇ̄Z−1
o ) ˇ̄Zo = Āo− S̄o

ˇ̄Zo,

we have the matrix Āo−S̄o
ˇ̄Zo has all eigenvalues inside C−. This then implies that the

matrix

[

Āo − S̄o
ˇ̄Zo 0

Āōo − S̄′
oō

ˇ̄Zo Āō

]

has all eigenvalues inside C−. Thus, the matrix Ā− S̄Z̄∞

has all eigenvalue inside C−. By Z∞ be the stabilizing solution to the generalized alge-
braic Riccati equation (31) and Proposition 2, the Hamiltonian Hc has no eigenvalue
on the imaginary axis and exactly n eigenvalues in C− and the other n eigenvalues in
C+. Then, Z̄∞ being a solution to the generalized algebraic Riccati equation (31), by
Theorem 13.2 of Zhou et al. (1996), the matrix Ā − S̄Z̄∞ must be either Hurwitz or
has at least one eigenvalue inside C+. Thus, we conclude that the matrix Ā − S̄Z̄∞

must be Hurwitz, and Z̄∞ = Z∞.
(iv) Let the pair (Ā, Q̄) has no unobservable mode in C− and Z∞ ∈ Spsdn. Then,

by (ii), Āf1 is Hurwitz. It is easy to prove that if the pair (Ā, Q̄ + γ−2Z∞DD′Z∞)
has an unobservable mode λ ∈ C−, then λ is also an unobservable mode for the
pair (Ā, Q̄), which is a contradiction. Therefore, the pair (Ā, Q̄+ γ−2Z∞DD′Z∞) has
no unobservable mode in C−. By Theorem 13.7 of Zhou et al. (1996), we have the
algebraic Riccati equation (32) admits the stabilizing solution Ẑ = Z∞ ∈ S+n.

(v) By (ii), the pair (Ā, Π̄) has no unobservable mode on the imaginary axis, where
Π̄ := Q̄ + γ−2Z∞DD′Z∞. Then, we will partition the pair (Ā, Π̄) into observable
and unobservable parts, and further partition the unobservable part into stable and
anti-stable parts, and lump the anti-stable unobservable part into the observable part.

There exists a T ∈ IRn×n and T is invertible such that T−1ĀT =

[

Ao1 0

AōoS AōS

]

,

T ′Π̄T =

[

Πo1 0

0 0

]

, where the matrix AōS contains all the unobservable but stable

modes of the pair (Ā, Π̄), and Ao1 contains all the observable modes and unobservable
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and unstable modes of the pair (Ā, Π̄). The matrix AōS is Hurwitz. The pair (Ao1,Πo1)
has no unobservable mode in C−. By Z∞ ∈ Spsdn and Āf1 being Hurwitz, we have

that the Hamiltonian matrix H̃c :=

[

Ā −BR−1B′

−Π̄ −Ā′

]

is in the domain of the Riccati

operator. Let T−1B =

[

B1

B2

]

, where the partition is compatible with that for the

pair (Ā, Π̄). Then, the Hamiltonian H̃c expressed in the new coordinate is Ĥc :=

T̄−1H̃cT̄ =

[

T−1ĀT −T−1BR−1B′T−′

−T ′Π̄T −T ′Ā′T−′

]

=









Ao1 0 −B1R
−1B′

1 −B1R
−1B′

2

AōoS AōS −B2R
−1B′

1 −B2R
−1B′

2

−Πo1 0 −A′
o1 −A′

ōoS

0 0 0 −A′
ōS









,

where T̄ :=

[

T 0

0 T−′

]

. Since H̃c is in the domain of the Riccati operator, it must have

no eigenvalue on the imaginary axis and further satisfy the complementarity condition.
Since AōS is Hurwitz, then the stable invariant subspace of Ĥc must be of the form








X11 0

X12 XōS

X21 0

X22 0









where XōS consists of all eigenvectors and generalized eigenvectors of

AōS . Then, T
′Z∞T =

[

X21 0

X22 0

] [

X11 0

X12 XōS

]−1

=

[

Zo1 0

ZōoS 0

]

=

[

Zo1 0

0 0

]

, where the

first equality follows from the Proposition 2; the second equality follows from the
structure of the left-hand-side; and the last equality follows from Proposition 2. Then,

we have

[

Πo1 0

0 0

]

= T ′Π̄T = T ′Q̄T + γ−2T ′Z∞TT−1DD′T−′T ′Z∞T = T ′Q̄T +

γ−2

[

Zo1D1D
′
1Zo1 0

0 0

]

, where we have plugged in the structure for Z∞ and T−1D =:
[

D1

D2

]

and the partitioning is compatible with that of Ā. Hence, T ′Q̄T =

[

Qo1 0

0 0

]

.

By Z∞ ∈ Spsdn, we have Zo1 is positive-semidefinite. By the structure of T−1ĀT
and T ′Z∞T , we have that Ao1 − (B1R

−1B′
1 − γ−2D1D

′
1)Zo1 and Ao1 −B1R

−1B′
1Zo1

are Hurwitz, since Ā − S̄Z∞ and Āf1 are Hurwitz. By generalized algebraic Riccati
equation (31), we have Zo1 satisfies the following algebraic Riccati equation:

A′
o1Zo1 + Zo1Ao1 − Zo1B1R

−1B′
1Zo1 +Πo1 = 0 (37)

Then, Zo1 is a positive-semidefinite stabilizing solution to algebraic Riccati equation
(37). By (iv) and the pair (Ao1,Πo1) having no unobservable mode in C−, we conclude
that Zo1 is positive definite. Substituting the expression for Πo1 into algebraic Riccati
equation (37), we have

A′
o1Zo1 + Zo1Ao1 − Zo1(B1R

−1B′
1 − γ−2D1D

′
1)Zo1 +Qo1 = 0 (38)

Then, Zo1 is a positive definite stabilizing solution to generalized algebraic Riccati
equation (38). This further implies that Z−1

o1 is positive definite and −A′
o1 −Qo1Z

−1
o1
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is Hurwitz. Thus, the pair (−A′
o1, Qo1) is stabilizable, and the pair (Ao1, Qo1) has no

unobservable mode on the imaginary axis. Hence, the pair (

[

Ao1 0

AōoS AōS

]

,

[

Qo1 0

0 0

]

)

has no unobservable mode on the imaginary axis, since AōS is Hurwitz. This is
equivalent to the pair (Ā, Q̄) has no unobservable mode on the imaginary axis.

This completes the proof of the proposition.

We make the following assumption.
Assumption 4. The generalized algebraic Riccati equations (30) and (31) admit sta-
bilizing solutions Σ̄∞ and Z∞, respectively, Σ̄∞, Z∞ ∈ Spsdn, and the spectral radius
condition is satisfied, that is all eigenvalues of Σ̄∞Z∞ (which are nonnegative real to
begin with) are less than γ2.

Then, we have the following result, which solves the infinite-horizon H∞ opti-
mal control problem under imperfect state measurements completely together with
Theorem 9.8 of Başar and Bernhard (1995).
Theorem 4. Consider the infinite-horizon case of the H∞-optimal control problem
under imperfect state measurements under Assumptions 1, 2, and 4, then the matrices
Āf1 and Ãf1 are Hurwitz, the pair (A,B) is stabilizable, the pair (A,C) is detectable,

the pair (Ā, Q̄) has no unobservable modes on the imaginary axis, the pair (Ã, M̃) has
no uncontrollable modes on the imaginary axis, Ξ∞ := Z∞(In−γ−2Σ̄∞Z∞)−1 ∈ Spsdn

and is the stabilizing solution to the generalized algebraic Riccati equation:

Ξ∞(A+ γ−2Σ̄∞Q− (B + γ−2Σ̄∞P )R−1P ′) + (A+ γ−2Σ̄∞Q− (B

+γ−2Σ̄∞P )R−1P ′)′Ξ∞ − Ξ∞((B + γ−2Σ̄∞P )R−1(B + γ−2Σ̄∞P )′

−γ−2(Σ̄∞C′ + L)N−1(Σ̄∞C′ + L)′)Ξ∞ +Q− PR−1P ′ = 0n×n (39)

and the upper value of the game with cost function Jγ∞(µ, ν) is equal to 0. A controller
guaranteeing this upper value is given by

˙̌x(t) = (A+ γ−2Σ̄∞Q)x̌(t) + (B + γ−2Σ̄∞P )u(t) + (Σ̄∞C′

+L)N−1(y(t)− Cx̌(t)); x̌(−∞) = 0n (40a)

u(t) = µopt(t,0n, y(−∞,t]) = −R−1(B′Z∞ + P ′)(In − γ−2Σ̄∞Z∞)−1x̌(t) (40b)

Furthermore, the closed-loop system with (1) and (40) is asymptotically stable.

Proof. By Assumption 4 and (ii) and (v) of Proposition 3 and duality, the matrices
Āf1, Āf , Ãf1, and Ãf are Hurwitz, the pair (A,B) is stabilizable, the pair (A,C) is
detectable, the pair (Ā, Q̄) has no unobservable modes on the imaginary axis, and the
pair (Ã, M̃) has no uncontrollable modes on the imaginary axis. Then, Ξ∞ ∈ Spsd n is
well defined and satisfies generalized algebraic Riccati equation (39) by (22).

Next, we will show that Ξ∞ is the stabilizing solution to the generalized algebraic
Riccati equation (39).

A+ γ−2Σ̄∞Q− (B + γ−2Σ̄∞P )R−1P ′ − ((B + γ−2Σ̄∞P )R−1(B + γ−2Σ̄∞P )′

−γ−2(Σ̄∞C′ + L)N−1(Σ̄∞C′ + L)′)Ξ∞
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= A+ γ−2Σ̄∞Q−BR−1P ′ − γ−2Σ̄∞PR−1P ′ − (BR−1B′ + γ−2BR−1P ′Σ̄∞

+γ−2Σ̄∞PR−1B′ + γ−4Σ̄∞PR−1P ′Σ̄∞ − γ−2Σ̄∞C′N−1CΣ̄∞

−γ−2Σ̄∞C′N−1L′ − γ−2LN−1CΣ̄∞ − γ−2LN−1L′)Z∞(In − γ−2Σ̄∞Z∞)−1

= A+ γ−2Σ̄∞Q−BR−1P ′ − γ−2Σ̄∞PR−1P ′ −BR−1B′Z∞(In − γ−2Σ̄∞Z∞)−1

−γ−2BR−1P ′Σ̄∞Z∞(In − γ−2Σ̄∞Z∞)−1

−γ−2Σ̄∞PR−1B′Z∞(In − γ−2Σ̄∞Z∞)−1

−γ−4Σ̄∞PR−1P ′Σ̄∞Z∞(In − γ−2Σ̄∞Z∞)−1

+γ−2Σ̄∞C′N−1CΣ̄∞Z∞(In − γ−2Σ̄∞Z∞)−1

+γ−2Σ̄∞C′N−1L′Z∞(In − γ−2Σ̄∞Z∞)−1

+γ−2LN−1CΣ̄∞Z∞(In − γ−2Σ̄∞Z∞)−1 + γ−2LN−1L′Z∞(In − γ−2Σ̄∞Z∞)−1

= A+ γ−2Σ̄∞Q−BR−1P ′(In + γ−2Σ̄∞Z∞(In − γ−2Σ̄∞Z∞)−1)

−γ−2Σ̄∞PR−1P ′(In + γ−2Σ̄∞Z∞(In − γ−2Σ̄∞Z∞)−1)

−BR−1B′Z∞(In − γ−2Σ̄∞Z∞)−1

−γ−2Σ̄∞PR−1B′Z∞(In − γ−2Σ̄∞Z∞)−1

+γ−2Σ̄∞C′N−1CΣ̄∞Z∞(In − γ−2Σ̄∞Z∞)−1

+γ−2Σ̄∞C′N−1L′Z∞(In − γ−2Σ̄∞Z∞)−1

+γ−2LN−1CΣ̄∞Z∞(In − γ−2Σ̄∞Z∞)−1 + γ−2LN−1L′Z∞(In − γ−2Σ̄∞Z∞)−1

= A− LN−1C + γ−2Σ̄∞Q−BR−1P ′(In − γ−2Σ̄∞Z∞)−1 − Σ̄∞C′N−1C

−γ−2Σ̄∞PR−1P ′(In − γ−2Σ̄∞Z∞)−1 −BR−1B′Z∞(In − γ−2Σ̄∞Z∞)−1

−γ−2Σ̄∞PR−1B′Z∞(In − γ−2Σ̄∞Z∞)−1

+Σ̄∞C′N−1C(In − γ−2Σ̄∞Z∞)−1

+γ−2Σ̄∞C′N−1L′Z∞(In − γ−2Σ̄∞Z∞)−1

+LN−1C(In − γ−2Σ̄∞Z∞)−1 + γ−2LN−1L′Z∞(In − γ−2Σ̄∞Z∞)−1

= Ã− Σ̄∞R̃−BR−1P ′(In − γ−2Σ̄∞Z∞)−1

−γ−2Σ̄∞PR−1P ′(In − γ−2Σ̄∞Z∞)−1 −BR−1B′Z∞(In − γ−2Σ̄∞Z∞)−1

−γ−2Σ̄∞PR−1B′Z∞(In − γ−2Σ̄∞Z∞)−1

+Σ̄∞C′N−1C(In − γ−2Σ̄∞Z∞)−1

+γ−2Σ̄∞C′N−1L′Z∞(In − γ−2Σ̄∞Z∞)−1

+LN−1C(In − γ−2Σ̄∞Z∞)−1 + γ−2LN−1L′Z∞(In − γ−2Σ̄∞Z∞)−1

= (Ã(In − γ−2Σ̄∞Z∞)− Σ̄∞R̃(In − γ−2Σ̄∞Z∞)−BR−1P ′ − γ−2Σ̄∞PR−1P ′

−BR−1B′Z∞ − γ−2Σ̄∞PR−1B′Z∞ + Σ̄∞C′N−1C + γ−2Σ̄∞C′N−1L′Z∞

+LN−1C + γ−2LN−1L′Z∞)(In − γ−2Σ̄∞Z∞)−1

= (Ã− Σ̄∞R̃− γ−2(ÃΣ̄∞ − Σ̄∞R̃Σ̄∞)Z∞ −BR−1P ′ − γ−2Σ̄∞PR−1P ′

−BR−1B′Z∞ − γ−2Σ̄∞PR−1B′Z∞ + Σ̄∞C′N−1C + γ−2Σ̄∞C′N−1L′Z∞

+LN−1C + γ−2LN−1L′Z∞)(In − γ−2Σ̄∞Z∞)−1

= (A+ γ−2Σ̄∞Q− γ−2(−Σ̄∞Ã′ − M̃)Z∞ −BR−1P ′ − γ−2Σ̄∞PR−1P ′
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−BR−1B′Z∞ − γ−2Σ̄∞PR−1B′Z∞ + γ−2Σ̄∞C′N−1L′Z∞

+γ−2LN−1L′Z∞)(In − γ−2Σ̄∞Z∞)−1

= (A+ γ−2Σ̄∞Q̄+ γ−2(Σ̄∞(A′ − C′N−1L′) +DD′ − LN−1L′)Z∞ −BR−1P ′

−BR−1B′Z∞ − γ−2Σ̄∞PR−1B′Z∞ + γ−2Σ̄∞C′N−1L′Z∞

+γ−2LN−1L′Z∞)(In − γ−2Σ̄∞Z∞)−1

= (Ā+ γ−2Σ̄∞Q̄+ γ−2Σ̄∞(A′ − C′N−1L′)Z∞ + γ−2DD′Z∞

−BR−1B′Z∞ − γ−2Σ̄∞PR−1B′Z∞ + γ−2Σ̄∞C′N−1L′Z∞)(In − γ−2Σ̄∞Z∞)−1

= (Ā− S̄Z∞ + γ−2Σ̄∞(Q̄+ Ā′Z∞))(In − γ−2Σ̄∞Z∞)−1

= (Ā− S̄Z∞ + γ−2Σ̄∞(−Z∞Ā+ Z∞S̄Z∞))(In − γ−2Σ̄∞Z∞)−1

= (Ā− S̄Z∞ − γ−2Σ̄∞Z∞(Ā− S̄Z∞))(In − γ−2Σ̄∞Z∞)−1

= (In − γ−2Σ̄∞Z∞)(Ā − S̄Z∞)(In − γ−2Σ̄∞Z∞)−1

Since Āf = Ā− S̄Z∞ is Hurwitz, then Ξ∞ is the stabilizing solution to the generalized
algebraic Riccati equation (39). Denote Af := A+γ−2Σ̄∞Q−(B+γ−2Σ̄∞P )R−1P ′−
((B + γ−2Σ̄∞P )R−1(B + γ−2Σ̄∞P )′ − γ−2(Σ̄∞C′ +L)N−1(Σ̄∞C′ +L)′)Ξ∞ = (In −
γ−2Σ̄∞Z∞)Āf (In − γ−2Σ̄∞Z∞)−1.

Since the pair (Ã, M̃) has no uncontrollable mode on the imaginary axis. Then, we
can first partition the system into controllable and uncontrollable parts, and then par-

tition the uncontrollable part into stable and anti-stable parts. Then, Ã =

[

Ãc Ãcc̄

0 Ãc̄

]

and M̃ =

[

M̃c 0

0 0

]

, where the pair (Ãc, M̃c) has no uncontrollable mode in C− and

the matrix Ãc̄ is Hurwitz. Partition R̃ =

[

R̃c R̃cc̄

R̃′
cc̄ R̃c̄

]

, A =

[

Ac Acc̄

Ac̄c Ac̄

]

, B =

[

Bc

Bc̄

]

,

D =

[

Dc

Dc̄

]

, C =
[

Cc Cc̄

]

, Q =

[

Qc Qcc̄

Q′
cc̄ Qc̄

]

, Q̄ =

[

Q̄c Q̄cc̄

Q̄′
cc̄ Q̄c̄

]

, and P =

[

Pc

Pc̄

]

,

accordingly. Then, the solution to generalized algebraic Riccati equation (30) satis-

fies Σ̄∞ =

[

Σ̄c∞ Σ̄cc̄∞

Σ̄′
cc̄∞ Σ̄c̄∞

]

, where the partitioning is compatible with that of Ã. The

Hamiltonian for the generalized algebraic Riccati equation (30) is of the following
structure:

Ho =

[

Ã′ −R̃

−M̃ −Ã

]

=









Ã′
c 0 −R̃c −R̃cc̄

Ã′
cc̄ Ã′

c̄ −R̃′
cc̄ −R̃c̄

−M̃c 0 −Ãc −Ãcc̄

0 0 0 −Ãc̄









Since Ãc̄ is Hurwitz, then the stable invariant subspace of Ho is spanned by the

column vectors of









X1c 0

X1c̄c X1c̄

X2c 0

X2c̄c 0









∈ IR2n×n, where the dimension of X1c̄ is equal to the

dimension of Ãc̄, and the matrix X1 :=

[

X1c 0

X1c̄c X1c̄

]

is invertible by Proposition 2
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and the fact that generalized algebraic Riccati equation (30) admits the stabilizing
solution Σ̄∞. The stabilizing solution to generalized algebraic Riccati equation (30) is

given by Σ̄∞ = X2X
−1
1 =

[

X2c 0

X2c̄c 0

] [

X1c 0

X1c̄c X1c̄

]−1

=

[

Σ̄c∞ 0

Σ̄′
cc̄∞ 0

]

=

[

Σ̄c∞ 0

0 0

]

. Then

Σ̄c∞ is the stabilizing solution to the generalized algebraic Riccati equation:

ÃcΣ̄c∞ + Σ̄c∞Ã′
c − Σ̄c∞R̃cΣ̄c∞ + M̃c = 0 (41)

By Σ̄∞ ∈ Spsdn, we have Σ̄c∞ is positive semi-definite. By (iv) of Proposition 3 and
duality, we have Σ̄c∞ is a positive definite matrix. By (ii) of Proposition 3 and duality,
we have the pair (Ac, Cc) is detectable.

Next, we will show that the system (1) and the optimal control strategy (40) form
an asymptotically stable system. This then implies that µopt is an admissible controller.

We express the closed-loop system with (1) and (40) in the
[

x̃′ x̌′
]′

coordinates as,
where x̃ := x− x̌,

[

˙̃x
˙̌x

]

=

[

Ãf1 −γ−2Σ̄∞Q
(Σ̄∞C′ + L)N−1C A+ γ−2Σ̄∞Q

] [

x̃
x̌

]

+

[

−γ−2Σ̄∞P
B + γ−2Σ̄∞P

]

u (42)

+

[

D − (Σ̄∞C′ + L)N−1E
(Σ̄∞C′ + L)N−1E

]

w =:

[

F11 F12

F21 F22

] [

x̃
x̌

]

+

[

B̄1

B̄2

]

u+

[

D̄1

D̄2

]

w

Based on the partitioning of the system, we have

F11 =

[

Ãc − Σ̄c∞C′
cN

−1Cc Ãcc̄ − Σ̄c∞C′
cN

−1Cc̄

0 Ãc̄

]

; D̄2 =

[

(Σ̄c∞C′
c + Lc)N

−1E
Lc̄N

−1E

]

F12 =

[

−γ−2Σ̄c∞Qc −γ−2Σ̄c∞Qcc̄

0 0

]

; B̄2 =

[

Bc + γ−2Σ̄c∞Pc

Bc̄

]

F21 =

[

(Σ̄c∞C′
c + Lc)N

−1Cc (Σ̄c∞C′
c + Lc)N

−1Cc̄

Lc̄N
−1Cc Lc̄N

−1Cc̄

]

; B̄1 =

[

−γ−2Σ̄c∞Pc

0

]

F22 =

[

Ac + γ−2Σ̄c∞Qc Acc̄ + γ−2Σ̄c∞Qcc̄

Ac̄c Ac̄

]

; D̄1 =

[

Dc − (Σ̄c∞C′
c + Lc)N

−1E
Dc̄ − Lc̄N

−1E

]

Partition compatibly x̃ = (x̃c, x̃c̄). We observe that the x̃c̄ dynamics is simply ˙̃xc̄ =
Ãc̄x̃c̄+(Dc̄−Lc̄N

−1E)w, which is asymptotically stable. Then, the asymptotic stability
of the closed-loop system is equivalent to the asymptotic stability of the matrix





Ãc − Σ̄c∞C′
cN

−1Cc −γ−2Σ̄c∞Qc −γ−2Σ̄c∞Qcc̄

(Σ̄c∞C′
c + Lc)N

−1Cc Ac + γ−2Σ̄c∞Qc Acc̄ + γ−2Σ̄c∞Qcc̄

Lc̄N
−1Cc Ac̄c Ac̄





+





−γ−2Σ̄c∞Pc

Bc + γ−2Σ̄c∞Pc

Bc̄





[

0 −R−1(B′Z∞ + P ′)(In − γ−2Σ̄∞Z∞)−1
]

=: F̂ + B̂Kopt
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Let

D̂ :=





Dc − (Σ̄c∞C′
c + Lc)N

−1E
(Σ̄c∞C′

c + Lc)N
−1E

Lc̄N
−1E





We will show by brute force that Γ̂ :=

[

γ2Σ̄−1
c∞ 0

0 Ξ∞

]

, which is a positive semi-definite

matrix, is the solution to the generalized algebraic Riccati equation

(F̂ − B̂R−1





Pc

Pc

Pc̄





′

)′Γ̂ + Γ̂(F̂ − B̂R−1





Pc

Pc

Pc̄





′

)− Γ̂(B̂R−1B̂′ − γ−2D̂D̂′)Γ̂

+





Q̄c Q̄c Q̄cc̄

Q̄c Q̄c Q̄cc̄

Q̄′
cc̄ Q̄′

cc̄ Q̄c̄



 = 0 (43)

11-block = (Ãc − Σ̄c∞C′
cN

−1Cc + γ−2Σ̄c∞PcR
−1P ′

c)
′γ2Σ̄−1

c∞ + γ2Σ̄−1
c∞(Ãc

−Σ̄c∞C′
cN

−1Cc + γ−2Σ̄c∞PcR
−1P ′

c)− γ2Σ̄−1
c∞(γ−4Σ̄c∞PcR

−1P ′
cΣ̄c∞

−γ−2(Dc − (Σ̄c∞C′
c + Lc)N

−1E)(D′
c − E′N−1(CcΣ̄c∞ + L′

c)))γ
2Σ̄−1

c∞ + Q̄c

= γ2Ã′
cΣ̄

−1
c∞ − γ2C′

cN
−1Cc + PcR

−1P ′
c + γ2Σ̄−1

c∞Ãc − γ2C′
cN

−1Cc + PcR
−1P ′

c

−PcR
−1P ′

c + γ2Σ̄−1
c∞(Dc − (Σ̄c∞C′

c + Lc)N
−1E)(D′

c

−E′N−1(CcΣ̄c∞ + L′
c))Σ̄

−1
c∞ + Q̄c

= γ2Ã′
cΣ̄

−1
c∞ − γ2C′

cN
−1Cc + γ2Σ̄−1

c∞Ãc − γ2C′
cN

−1Cc + PcR
−1P ′

c + Q̄c

+γ2Σ̄−1
c∞DcD

′
cΣ̄

−1
c∞ − γ2Σ̄−1

c∞DcE
′N−1(CcΣ̄c∞ + L′

c)Σ̄
−1
c∞ − γ2Σ̄−1

c∞(Σ̄c∞C′
c

+Lc)N
−1ED′

cΣ̄
−1
c∞ + γ2Σ̄−1

c∞(Σ̄c∞C′
c + Lc)N

−1EE′N−1(CcΣ̄c∞ + L′
c)Σ̄

−1
c∞

= γ2Ã′
cΣ̄

−1
c∞ − γ2C′

cN
−1Cc + γ2Σ̄−1

c∞Ãc − γ2C′
cN

−1Cc + PcR
−1P ′

c + Q̄c

+γ2Σ̄−1
c∞DcD

′
cΣ̄

−1
c∞ − γ2Σ̄−1

c∞LcN
−1Cc − γ2Σ̄−1

c∞LcN
−1L′

cΣ̄
−1
c∞ − γ2C′

cN
−1L′

cΣ̄
−1
c∞

−γ2Σ̄−1
c∞LcN

−1L′
cΣ̄

−1
c∞ + γ2Σ̄−1

c∞(Σ̄c∞C′
c + Lc)N

−1(CcΣ̄c∞ + L′
c)Σ̄

−1
c∞

= γ2Ã′
cΣ̄

−1
c∞ − γ2C′

cN
−1Cc + γ2Σ̄−1

c∞Ãc − γ2R̃c

+γ2Σ̄−1
c∞DcD

′
cΣ̄

−1
c∞ − γ2Σ̄−1

c∞LcN
−1L′

cΣ̄
−1
c∞

−γ2Σ̄−1
c∞LcN

−1L′
cΣ̄

−1
c∞ + γ2C′

cN
−1Cc + γ2Σ̄−1

c∞LcN
−1L′

cΣ̄
−1
c∞

= γ2Ã′
cΣ̄

−1
c∞ + γ2Σ̄−1

c∞Ãc − γ2R̃c + γ2Σ̄−1
c∞M̃cΣ̄

−1
c∞

= γ2Σ̄−1
c∞(Σ̄c∞Ã′

c + ÃcΣ̄c∞ − Σ̄c∞R̃cΣ̄c∞ + M̃c)Σ̄
−1
c∞ = 0

12 & 13-block

= γ2Σ̄−1
c∞

[

−γ−2Σ̄c∞Qc + γ−2Σ̄c∞PcR
−1P ′

c −γ−2Σ̄c∞Qcc̄ + γ−2Σ̄c∞PcR
−1P ′

c̄

]

+
[

C′
cN

−1(L′
c + CcΣ̄c∞)− PcR

−1(B′
c + γ−2P ′

cΣ̄c∞) C′
cN

−1L′
c̄ − PcR

−1B′
c̄

]

Ξ∞

−γ2Σ̄−1
c∞(

[

−γ−2Σ̄c∞PcR−1(B′
c + γ−2P ′

cΣ̄c∞) −γ−2Σ̄c∞PcR−1B′
c̄

]

−γ−2

[

(Dc − (Σ̄c∞C′
c + Lc)N

−1E)
·E′N−1(L′

c + CcΣ̄c∞)
(Dc − (Σ̄c∞C′

c + Lc)N
−1E)

·E′N−1L′
c̄

]

)Ξ∞
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+
[

Q̄c Q̄cc̄

]

=
[

−Qc + PcR−1P ′
c −Qcc̄ + PcR−1P ′

c̄

]

+
[

Q̄c Q̄cc̄

]

+
[

C′
cN

−1(L′
c + CcΣ̄c∞)− PcR

−1(B′
c + γ−2P ′

cΣ̄c∞) C′
cN

−1L′
c̄ − PcR

−1B′
c̄

]

Ξ∞

+
[

PcR
−1(B′

c + γ−2P ′
cΣ̄c∞) PcR

−1B′
c̄

]

Ξ∞

+Σ̄−1
c∞

[

LcN
−1(L′

c + CcΣ̄c∞)
−(Σ̄c∞C′

c + Lc)N
−1(L′

c + CcΣ̄c∞)
LcN

−1L′
c̄ − (Σ̄c∞C′

c

+Lc)N
−1L′

c̄

]

Ξ∞

=
[

C′
cN

−1(L′
c + CcΣ̄c∞) C′

cN
−1L′

c̄

]

Ξ∞

+
[

−C′
cN

−1(L′
c + CcΣ̄c∞) −C′

cN
−1L′

c̄

]

Ξ∞ = 0

21 & 31-block = 0 by symmetry
[

22 23
32 33

]

-block = (A+ γ−2Σ̄∞Q− B̄2R
−1P ′)′Ξ∞ + Ξ∞(A+ γ−2Σ̄∞Q− B̄2R

−1P ′)

−Ξ∞(B̄2R
−1B̄′

2 − γ−2D̄2D̄
′
2)Ξ∞ + Q̄

= (A+ γ−2Σ̄∞Q− (B + γ−2Σ̄∞P )R−1P ′)′Ξ∞

+Ξ∞(A+ γ−2Σ̄∞Q− (B + γ−2Σ̄∞P )R−1P ′)

−Ξ∞((B + γ−2Σ̄∞P )R−1(B + γ−2Σ̄∞P )′

−γ−2((Σ̄∞C′ + L)N−1E)((Σ̄∞C′ + L)N−1E)′)Ξ∞ + Q̄ = LHS of (39) = 0n×n

Hence, Γ̂ is a positive semi-definite solution to generalized algebraic Riccati equation
(43). We will show that Γ̂ is not the stabilizing solution to (43). Toward this end, we

compute the matrix F̂ − B̂R−1





Pc

Pc

Pc̄





′

− (B̂R−1B̂′ − γ−2D̂D̂′)Γ̂.

11-block = Ãc − Σ̄c∞C′
cN

−1Cc + γ−2Σ̄c∞PcR
−1P ′

c − (γ−4Σ̄c∞PcR
−1P ′

cΣ̄c∞

−γ−2(Dc − (Σ̄c∞C′
c + Lc)N

−1E)(D′
c − E′N−1(CcΣ̄c∞ + L′

c)))γ
2Σ̄−1

c∞

= Ãc − Σ̄c∞C′
cN

−1Cc +DcD
′
cΣ̄

−1
c∞ − (Σ̄c∞C′

c + Lc)N
−1L′

cΣ̄
−1
c∞

−LcN
−1(CcΣ̄c∞ + L′

c)Σ̄
−1
c∞ + (Σ̄c∞C′

c + Lc)N
−1(CcΣ̄c∞ + L′

c)Σ̄
−1
c∞

= Ãc − Σ̄c∞C′
cN

−1Cc +DcD
′
cΣ̄

−1
c∞

−LcN
−1(CcΣ̄c∞ + L′

c)Σ̄
−1
c∞ + (Σ̄c∞C′

c + Lc)N
−1Cc

= Ãc + M̃cΣ̄
−1
c∞ = Σ̄c∞(−Ã′

c + R̃cΣ̄c∞)Σ̄−1
c∞ = −Σ̄c∞(Ã′

c − R̃cΣ̄c∞)Σ̄−1
c∞

This matrix is anti-stable, since the matrix Ãc − Σ̄c∞R̃c is Hurwitz.

21 & 31-block =

[

(Σ̄c∞C′
c + Lc)N

−1Cc

Lc̄N
−1Cc

]

− B̄2R
−1P ′

c − (−γ−2B̄2R
−1P ′

cΣ̄c∞

−γ−2D̄2(D
′
c − E′N−1(CcΣ̄c∞ + L′

c)))γ
2Σ̄−1

c∞

= (Σ̄∞C′ + L)N−1Cc − B̄2R
−1P ′

c + B̄2R
−1P ′

c + ((Σ̄∞C′ + L)N−1E)(D′
c

−E′N−1(CcΣ̄c∞ + L′
c))Σ̄

−1
c∞

= (Σ̄∞C′ + L)N−1Cc + (Σ̄∞C′ + L)N−1L′
cΣ̄

−1
c∞ − (Σ̄∞C′ + L)N−1(CcΣ̄c∞
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+L′
c)Σ̄

−1
c∞ = 0

[

22 23
32 33

]

-block = A+ γ−2Σ̄∞Q− B̄2R
−1P ′ − (B̄2R

−1B̄′
2 − γ−2D̄2D̄

′
2)Ξ∞

= A+ γ−2Σ̄∞Q− (B + γ−2Σ̄∞P )R−1P ′ − ((B + γ−2Σ̄∞P )R−1(B′ + γ−2P ′Σ̄∞)

−γ−2(Σ̄∞C′ + L)N−1EE′N−1(Σ̄∞C′ + L)′)Ξ∞

= A+ γ−2Σ̄∞Q− (B + γ−2Σ̄∞P )R−1P ′ − (B + γ−2Σ̄∞P )R−1(B′ + γ−2P ′Σ̄∞)Ξ∞

+γ−2(Σ̄∞C′ + L)N−1(CΣ̄∞ + L′)Ξ∞ = Af

= (In − γ−2Σ̄∞Z∞)(Ā − S̄Z∞)(In − γ−2Σ̄∞Z∞)−1

This shows that

F̂ − B̂R−1





Pc

Pc

Pc̄





′

− (B̂R−1B̂′ − γ−2D̂D̂′)Γ̂ =

[

−Σ̄c∞(Ã′
c − R̃cΣ̄c∞)Σ̄−1

c∞ ⋆
0 Af

]

where Af is Hurwitz. Note the following

−R−1





Pc

Pc

Pc̄





′

−R−1B̂′Γ̂

= −R−1
[

P ′
c P ′

]

−R−1
[

−γ−2P ′
cΣ̄c∞ B′ + γ−2P ′Σ̄∞

]

Γ̂

= −
[

R−1P ′
c R−1P ′

]

−
[

−γ−2R−1P ′
cΣ̄c∞ R−1(B′ + γ−2P ′Σ̄∞)

]

Γ̂

= −
[

R−1P ′
c R−1P ′

]

−
[

−R−1P ′
c R−1(B′ + γ−2P ′Σ̄∞)Ξ∞

]

= −
[

0 R−1P ′ +R−1(B′ + γ−2P ′Σ̄∞)Ξ∞

]

= −
[

0 R−1P ′ +R−1B′Ξ∞ + γ−2R−1P ′Σ̄∞Z∞(In − γ−2Σ̄∞Z∞)−1
]

= −
[

0 R−1B′Ξ∞ +R−1P ′(In − γ−2Σ̄∞Z∞)−1
]

= −
[

0 R−1(B′Z∞ + P ′)(In − γ−2Σ̄∞Z∞)−1
]

= Kopt

Hence, we have F̂ + B̂Kopt = F̂ − B̂R−1





Pc

Pc

Pc̄





′

− B̂R−1B̂′Γ̂.

By Γ̂ being the solution to generalized algebraic Riccati equation (43), we have

Γ̂(F̂ + B̂Kopt) + (F̂ + B̂Kopt)
′Γ̂ + Γ̂(B̂R−1B̂′ + γ−2D̂D̂′)Γ̂ +





Q̄c Q̄c Q̄cc̄

Q̄c Q̄c Q̄cc̄

Q̄′
cc̄ Q̄′

cc̄ Q̄c̄





= 0 (44)
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Now, we will show that the pair (F̂ + B̂Kopt, Γ̂(B̂R−1B̂′ + γ−2D̂D̂′)Γ̂ +




Q̄c Q̄c Q̄cc̄

Q̄c Q̄c Q̄cc̄

Q̄′
cc̄ Q̄′

cc̄ Q̄c̄



) is detectable. Let λ ∈ C be any unobservable mode of the pair.

Then, there exists a complex vector
[

x̃′
c1 x̌′

1

]′
=

[

x̃′
c1 x̌′

c1 x̌c̄1

]′ 6= 0 such that

λ

[

x̃c1

x̌1

]

= (F̂ + B̂Kopt)

[

x̃c1

x̌1

]

(45a)

0 = Γ̂(B̂R−1B̂′ + γ−2D̂D̂′)Γ̂ +





Q̄c Q̄c Q̄cc̄

Q̄c Q̄c Q̄cc̄

Q̄′
cc̄ Q̄′

cc̄ Q̄c̄



)

[

x̃c1

x̌1

]

(45b)

Now, pre-multiply
[

x̃c1
′
x̌1

′
]′

to (45b), and we have
[

x̃c1
′
x̌1

′
]′

Γ̂(B̂R−1B̂′ +

γ−2D̂D̂′)Γ̂

[

x̃c1

x̌1

]

+
[

x̃c1
′
x̌1

′
]′





Q̄c Q̄c Q̄cc̄

Q̄c Q̄c Q̄cc̄

Q̄′
cc̄ Q̄′

cc̄ Q̄c̄





[

x̃c1

x̌1

]

= 0. Note that the matrix





Q̄c Q̄c Q̄cc̄

Q̄c Q̄c Q̄cc̄

Q̄′
cc̄ Q̄′

cc̄ Q̄c̄



 is positive semi-definite since we have





Q̄c Q̄c Q̄cc̄

Q̄c Q̄c Q̄cc̄

Q̄′
cc̄ Q̄′

cc̄ Q̄c̄



 =





I 0

I 0

0 I



 Q̄

[

I I 0

0 0 I

]

Then, we must have
[

x̃c1
′
x̌1

′
]′

Γ̂B̂R−1B̂′Γ̂

[

x̃c1

x̌1

]

=
[

x̃c1
′
x̌1

′
]′

Γ̂γ−2D̂D̂′Γ̂

[

x̃c1

x̌1

]

=
[

x̃c1
′
x̌1

′
]′





Q̄c Q̄c Q̄cc̄

Q̄c Q̄c Q̄cc̄

Q̄′
cc̄ Q̄′

cc̄ Q̄c̄





[

x̃c1

x̌1

]

= 0 and

B̂′Γ̂

[

x̃c1

x̌1

]

= 0p; γ−2D̂′Γ̂

[

x̃c1

x̌1

]

= 0q; Q̄

[

x̃c1 + x̌c1

x̌c̄1

]

= 0n (46)

This further leads to λ

[

x̃c1

x̌1

]

= (F̂ + B̂Kopt)

[

x̃c1

x̌1

]

+γ−2D̂D̂′Γ̂

[

x̃c1

x̌1

]

= (F̂ − B̂R−1

·





Pc

Pc

Pc̄





′

− (B̂R−1B̂′ − γ−2D̂D̂′)Γ̂)

[

x̃c1

x̌1

]

=

[

−Σ̄c∞(Ã′
c − R̃cΣ̄c∞)Σ̄−1

c∞ ⋆
0 Af

] [

x̃c1

x̌1

]

.

Thus, λx̌1 = Af x̌1. If x̌1 6= 0n, we have λ is an eigenvalue of the matrix Af with
an associated eigenvector x̌1. Since the matrix Af is Hurwitz, then λ ∈ C−.

On the other hand, if x̌1 = 0n, then x̃c1 6= 0 and λx̃c1 = −Σ̄c∞(Ã′
c −

R̃cΣ̄c∞)Σ̄−1
c∞x̃c1. Hence, λ is an eigenvalue of the matrix −Σ̄c∞(Ã′

c − R̃cΣ̄c∞)Σ̄−1
c∞ =

Ãc + M̃cΣ̄
−1
c∞ with an associated eigenvector x̃c1. Since the matrix −Σ̄c∞(Ã′

c −
R̃cΣ̄c∞)Σ̄−1

c∞ is anti-stable, then λ ∈ C+. By (46), we have −P ′
cx̃c1 = 0p, (D′

c −
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E′N−1(L′
c + CcΣ̄c∞))Σ̄−1

c∞x̃c1 = 0q, and Q̄cx̃c1 = 0. Left multiply E to the second
equation to conclude Ccx̃c1 = 0m. Now, left multiply Dc to the same equation to
conclude DcD

′
cΣ̄

−1
c∞x̃c1 = LcN

−1L′
cΣ̄

−1
c∞x̃c1, or equivalently, M̃cΣ̄

−1
c∞x̃c1 = 0. These

further lead to λx̃c1 = (Ãc + M̃cΣ̄
−1
c∞)x̃c1 = Acx̃c1. This shows that λ ∈ C+ is an

eigenvalue of Ac with an associated eigenvector x̃c1 and we have Ccx̃c1 = 0m. This is
a contradiction to the pair (Ac, Cc) being detectable. Hence, we must have x̌1 6= 0n.

Therefore, we conclude that λ ∈ C−. Then, the pair (F̂ + B̂Kopt, Γ̂(B̂R−1B̂′ +

γ−2D̂D̂′)Γ̂ +





Q̄c Q̄c Q̄cc̄

Q̄c Q̄c Q̄cc̄

Q̄′
cc̄ Q̄′

cc̄ Q̄c̄



) is detectable. By Γ̂ being a positive semi-definite solu-

tion to the Lyapunov equation (44), we have the matrix F̂ + B̂Kopt is Hurwitz. This
shows that the control law (40) is internally stabilizing and therefore admissible.

By (26) and the derivation preceding (26), we have

Jγ∞(µopt, ν) = lim
t0↓−∞,tf↑∞

Jγ(µopt, ν, x̌(t0),∞In,0n×n)

≤ lim
t0↓−∞,tf↑∞

Jγ(µopt, ν, x̌(t0), Σ̄
−1
∞ , Z∞) = lim

t0↓−∞,tf↑∞

(

−
∣

∣x(tf )− (In − γ−2Σ̄∞

·Z∞)−1x̌(tf )
∣

∣

2

γ2Σ̄−1
∞ −Z∞

+ | x̌(t0) |2Ξ∞

−
∫ tf

t0

γ2
∣

∣w(t) − (Iq − E′N−1E)D′

·Σ̄−1
∞ (x(t) − x̌(t)) + E′N−1(C(x(t) − x̌(t))− γ−2(CΣ̄∞ + L′)Ξ∞x̌(t))

∣

∣

2
dt

)

(47)

≤ lim
t0↓−∞

| x̌(t0) |2Ξ∞

= 0

where µopt is given in (40); the first equality follows from (27); the first inequality
follow from the fact ∞In ≥ Σ̄−1

∞ and 0n×n ≤ Z∞; the second equality follows from
(26); and the last equality follows from x̌0 = 0n. Or, we may skip the second equality
and directly arrive at the second inequality by Theorem 1.

Hence, the upper value of Jγ∞(µ, ν) is less than or equal to zero. The upper value
is always nonnegative since the maximizer can alway play the trivial strategy ν0:
x0 = 0n, and w(−∞,∞) = ϑL̄2(IR,IRq) to achieve a nonnegative Jγ∞(µopt, ν0) ≥ 0. Thus,
the upper value of the game is 0 = supν Jγ∞(µopt, ν), and µopt achieves this upper
value.

This completes the proof of the theorem.

To obtain the solution to infinite-horizon case as the appropriate limit of the
solution to the finite-horizon case, we make the following standard assumption.
Assumption 5. The pair (Ā, Q̄) is detectable and the pair (Ã, M̃) is stabilizable. The
generalized algebraic Riccati equations (30) and (31) admit stabilizing solutions Σ̄∞

and Z∞, respectively, Σ̄∞, Z∞ ∈ Spsdn, and the spectral radius condition is satisfied,
that is all eigenvalues of Σ̄∞Z∞ (which are nonnegative real to begin with) are less
than γ2.

Then, we have the following result.
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Corollary 5. Consider the infinite-horizon case of the H∞-optimal control problem
under imperfect state measurements under Assumptions 1, 2, and 5, then the matrices
Āf1 and Ãf1 are Hurwitz, the pair (A,B) is stabilizable, the pair (A,C) is detectable,
limt0↓−∞ Σ̄(t; t0) ↑ Σ̄∞ and limtf↑∞ Z(t; tf ) ↑ Z∞, (i. e., Σ̄∞ and Z∞ are the least
positive semi-definite solution to generalized algebraic Riccati equations (30) and (31),
respectively), Ξ∞ := Z∞(In − γ−2Σ̄∞Z∞)−1 ∈ Spsdn is the stabilizing solution to the
generalized algebraic Riccati equation (39), and the upper value of the game with cost
function Jγ∞(µ, ν) is equal to 0. A controller guaranteeing this upper value is given
by (40), which is the limiting controller of the finite-horizon case (23) with x̌0 = 0n,
Q0 = ∞In, and Qf = 0n×n as t0 ↓ −∞ and tf ↑ ∞. Furthermore, the closed-loop
system with (1) and (40) is asymptotically stable.

Proof. By Assumption 5 and (ii) and (iii) of Proposition 3 and duality, the matrices
Āf1, Āf , Ãf , and Ãf1 are Hurwitz, and limt0↓−∞ Σ̄(t; t0) ↑ Σ̄∞ and limtf↑∞ Z(t; tf ) ↑
Z∞, ∀t ∈ IR, the pair (A,B) is stabilizable, and the pair (A,C) is detectable.

By Theorem 4, we have Ξ∞ ∈ Spsdn is the stabilizing solution to (39), the controller
(40) is stabilizing and achieves the upper value of the game, which is equal to zero.
Clearly, the controller is the limiting controller of the finite-horizon case (23) with
x̌0 = 0n, Q0 = ∞In, Qf = 0n×n as t0 ↓ −∞ and tf ↑ ∞.

This completes the proof of the corollary.

8 An Example

We consider the ball and beam example. The nonlinear system dynamics is given by

ẋ1 = x2

ẋ2 = −βx2 + x1x
2
4 −G sin(x3) + 10w5

ẋ3 = x4

ẋ4 = (1 + x2
1)

−1(−G cos(x3)x1 − 2x1x2x4 + u+ w6)

y1 = x1 +
w1

1000

y2 = x2 +
w2

100

y3 = x3 +
w3

1000

y4 = x4 +
w4

100

z1 =
x1

10
z2 = x2

z3 = x3

z4 = 1000x4

z5 = 10u
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where x1 is the displacement of the ball along the beam, x3 is the deflection angle
of the beam, u is the torque applied on the beam, β is the viscous friction para-
menter, and G is the gravitational constant. The initial state for x = (x1, . . . , x4) is
x0 ∈ IR4. w := (w1, . . . , w6) is the disturbance input vector. The coefficients multi-
plying the measurement noises (w1, . . . , w4) reflect our view that we can measure the
displacement and the deflection angle up to 1

1000 error, but measure their derivatives
up to 1

100 error. w5 is system disturbance that we assume to be multiplied by large
gain 10, since the term x1x

2
4 has large destabilizing effect on the (x1, x2) dynamics,

but will not appear in the linearized model. w6 is the the system disturbance in the
(x3, x4) dynamics, which is relatively easy to counter. So, we choose its coefficient to
be 1. z = (z1, . . . , z5) is the controlled output. We want the control law to pay little
attention to x1, and therefore the cost coefficient 1

10 . We want x4 to remain small in
magnitude, since the term x1x

2
4 has destabilizing effect and can’t be controlled effec-

tively, and therefore the cost coefficient 1000. The control effort should remain small,
and therefore the cost coefficient 10.

We linearize the system around x̄0 = 04, ū0 = 0, and w̄0 = 06 to yield the
linearized system:

ẋl =









0 1 0 0
0 −β −G 0
0 0 0 1

−G 0 0 0









xl +









0
0
0
1









ul +









0 0 0 0 0 0
0 0 0 0 10 0
0 0 0 0 0 0
0 0 0 0 0 1









wl

yl = I4xl +









1
1000 0 0 0 0 0
0 1

100 0 0 0 0
0 0 1

1000 0 0 0
0 0 0 1

100 0 0









wl

zl =













1
10 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1000
0 0 0 0













xl +













0
0
0
0
10













ul

We set β = 1
10 and G = 9.81.

This linearized system has γ∗ = 1301.8. We choose γ = 2000 and design the H∞

optimal controller.

˙̌xl =









−9.9991 0.0099994 0.0041107 0.0089183
−99.000 −999.95 −9.7135 0.016061
0.0041107 0.00096478 −9.9587 0.090907
18.672 31.501 −387.15 −202.52









x̌l

+









9.9991 0.99000 −0.0041107 −0.0089185
99.000 999.85 −0.096478 −0.016061

−0.0041107 −0.00096478 9.9587 0.90912
−0.89185 −0.016061 90.912 99.588









yl; x̌l(0) = x̌l0 ∈ IR4
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Fig. 1 Closed loop performance of the H∞ controller for γ = 2000, and x0 = x̌l0 = (0.001, 0, 0, 0)
without any disturbances

(a) State trajectory; (b) Control input

ul =
[

27.590 31.485 −296.24 −102.94
]

x̌l

The closed-loop system of the linearized system and the H∞ controller is Hurwitz,
with closed-loop eigenvalues−999.95,−99.748+0.44766i,−99.748−0.44766i,−10.052,
−10.000, −1.6153, −0.70808+ 0.76051i, −0.70808− 0.76051i.

Now, we apply the H∞ controller on the ball and beam system (nonlinear) and
simulate the system response when w(t) ≡ 06, ∀t ∈ IR+. The initial condition for
the system is set at x0 = (0.001, 0, 0, 0) = x̌l0. The system state trajectory is shown
in Figure 1(a); and the control input is shown in Figure 1(b). We observe that the
system is well behaved, the state trajectory is bounded in magnitude by 0.001, and
the control input is bounded in magnitude by 0.028. The system admits multi-time-
scale behavior. This simulation is to show the system performance when the system
is very close to the equilibrium point.

Next, we set the initial condition for the system to x0 = (0.7, 0, 0, 0) = x̌l0.
The system state trajectory is shown in Figure 2(a); and the control input is shown
in Figure 2(b). We observe that the system is well behaved, the state trajectory is
bounded in magnitude by 0.7, and the control input is bounded in magnitude by 19.
The system response is very similar to the previous case. This simulation is to show
the system performance when the system is away from the equilibrium point.

Next, we set the initial condition for the system to x0 = (2.001, 0, 0, 0) and
x̌l0 = (2, 0, 0, 0) and perturb the system parameters β = 0.5 and G = 9.79 in the ball
and beam system. The system state trajectory is shown in Figure 3(a); and the con-
trol input is shown in Figure 3(b). We observe that the system is well behaved, the
state trajectory is bounded in magnitude by 2, and the control input is bounded in
magnitude by 56. The system response is similar to the previous cases despite of the
initial state estimation error, and the system parameter uncertainty. This simulation
is to show the system performance away from the equilibrium point and robustness
to small perturbations.
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Fig. 2 Closed loop performance of the H∞ controller for γ = 2000, and x0 = x̌l0 = (0.7, 0, 0, 0)
without any disturbances

(a) State trajectory; (b) Control input
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Fig. 3 Closed loop performance of the H∞ controller for γ = 2000, x0 = (2, 0, 0, 0), and x̌l0 =
(2.001, 0, 0, 0) without any disturbances

(a) State trajectory; (b) Control input

Finally, we set the initial condition for the system to x0 = x̌l0 = (10, 0, 0, 0).
The system state trajectory is shown in Figure 4(a); and the control input is shown
in Figure 4(b). We observe that the state trajectory is bounded in magnitude by 11
and the control input is bounded in magnitude by 280. The system response is very
oscillatory but eventually converges to the origin. This simulation is to show the system
performance near the boundary of the region of attraction for the linear controller.

9 Conclusion

In this paper, I have studied both the finite-horizon and the infinite-horizon H∞-
optimal control problem under imperfect state measurements using a game theoretic
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Fig. 4 Closed loop performance of the H∞ controller for γ = 2000, and x0 = x̌l0 = (10, 0, 0, 0)
without any disturbances

(a) State trajectory; (b) Control input

approach. The problem is converted into a soft-constrained zero-sum differential game.
The key is to find the upper value of the game, and find the minimizer policy that
guarantees the finite upper value for the game. In the finite-horizon case, I solve the
upper value of the game in an estimator and controller sequential design fashion,
where the Riccati differential equation obtained for the control step is something a
bit unfamiliar. I solve this Riccati differential equation explicitly and recover the well-
known solution to the problem. Then, I study the infinite-horizon H∞-optimal control
problem under imperfect state measurements. I present a significant result that for a
generalized algebraic Riccati equation Ā′Z +ZĀ−ZS̄Z + Q̄ = 0 to admit a positive-
semidefinite stabilizing solution, then necessarily the pair (Ā, Q̄) has no unobservable
mode on the imaginary axis. I prescribe a set of exact conditions under which the
system under the optimal controller is internally stable and achieves the 0 upper
value for the game. This result, together with Theorem 9.8 of Başar and Bernhard
(1995), then completely solves the infinite-horizon H∞-optimal control problem under
imperfect state measurements. I prescribe another set of exact conditions under which
the optimal control strategy for the infinite-horizon case is the appropriate limit of
the optimal control strategy for the finite-horizon case as the time interval expands to
the entire real line, the optimal controller guarantees the 0 upper value for the game,
and such that the system under the optimal controller is internally stable. This set
of conditions is standard in the literature. This result validates the receding horizon
H∞-optimal control design methodology.

Due to the equivalence of H∞ central controller with the optimal controller for
LEQG problem, the result in this paper has direct ramifications in LEQG problem.

Future research directions are to investigate LEQG problem, study the time-
varying systems, study the H∞ control and/or LEQG control for singularly perturbed
systems, investigate possible generalization to jump linear systems, and study exten-
sion to nonlinear systems.
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