Properties of the Generalized Minimum Phase
Concept for MIMO LTI Systems with Additive

Disturbances’

Zigang Pan*

Abstract—1In [1], we have introduced a generalized con-
cept of minimum phase for finite-dimensional continuous-
time multiple-input and multiple-output linear time-invariant
systems with additive disturbances. In this paper, we inves-
tigate further properties of minimum phase systems using
this concept. We prove that a minimum phase system with
uniform vector relative degree (UVRD) in feedback connection
with another linear system satisfying a certain boundedness
condition yields a minimum phase composite system. We
establish that a minimum phase system with UVRD may be
inverted, that is an arbitrary reference signal with bounded
derivatives up to certain order can be tracked, without making
the internal states unbounded. When a minimum phase linear
system has UVRD zero from the control input to the output,
has a bounded admissible initial condition, and a bounded
admissible disturbance waveform, then the control input and
the state trajectory are bounded if the output of the system is
bounded. When a minimum phase linear system has UVRD
r1 € IN, has a bounded admissible initial condition, and a
bounded admissible disturbance waveform, if the noiseless
output together with its noiseless derivatives up to koth (0 <
ko < r1) order are bounded, then the output of a ‘stable”
system sharing the same inputs as the minimum phase system
is bounded if the relative degrees of the outputs of the ‘“stable”
system satisfy 7o > r; — ko. These results have significant
implications on model reference control theory.

Index Terms— continuous-time systems, extended zero dy-
namics canonical form, minimum phase, extended zero dy-
namics.

I. INTRODUCTION

The minimum phase property is of paramount importance
in model reference control theory, attracting sustained re-
search attention [2], [3], [4], [5], [6]. In an earlier paper [1],
we generalized the minimum phase concept for multiple-
input and multiple-output (MIMO) LTI systems with addi-
tive disturbance inputs in an attempt to make it necessary for
solvability of the output feedback model reference control
problem. When it is right invertible, then the system can
be dynamically extended to admit uniform vector relative
degree (UVRD). For this extended system, it may be
transformed into the extended zero dynamics canonical
form (EZDCF) representation. Based on this canonical form
representation, the extended zero dynamics (EZD) for the
system can be readout, which is the zero dynamics for the
original system and is simply the zero dynamics as defined
in [3] together with the driving terms, including the output
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and the disturbance input of the system. The original system
is said to be minimum phase with respect to the given set of
admissible initial conditions and the given set of admissible
disturbance waveforms if the EZD is absent or satisfies the
properties that the zero dynamics state is bounded for any
bounded admissible initial condition (for the entire system),
any bounded output waveform, and any bounded admissible
disturbance waveform. In our earlier paper, the relationship
of the generalized concept of minimum phase with that
introduced in [3] and [2] was investigated.

In this paper, we investigate further properties of mini-
mum phase systems using the definition in [1]. We prove
that a composite system consisting of a minimum phase
system in feedback connection with another linear sys-
tem satisfying a certain boundedness condition is itself a
minimum phase system. We further establish the inversion
result for square minimum phase systems as defined in
[1]. When a square minimum phase linear system has
the UVRD r; = 0 from the control input to the output,
has a bounded admissible initial condition, and a bounded
admissible disturbance waveform, then the control input
and the state trajectory are bounded if the output of the
system is bounded. When a square minimum phase linear
system has UVRD r; € IN, has a bounded admissible initial
condition, and a bounded admissible disturbance waveform,
if the noiseless output together with its noiseless derivatives
up to koth (0 < kg < 71) order are bounded, then the
output of a “stable” linear system sharing the same inputs
as the minimum phase system is bounded if the relative
degrees of the outputs of the “stable” system satisfy ro >
r1—ko. These results have significant implications on model
reference control theory.

The balance of the paper is as follows. In the next
section, we list the notations used in the paper. Then, in
Section III, the minimum phase property of the composite
system is proved for feedback interconnected systems. The
boundedness of the inverse of minimum phase systems is
presented in Section IV. The paper ends with some con-
cluding remarks in Section V, and an appendix containing
some useful technical lemmas necessary for the derivations
in the main body of the paper.

II. NOTATIONS

Let R denote the real line; R, := R U {—o00} U {400};
IN be the set of natural numbers; Z, := IN U {0}. Unless
specified, all signals, constants, and matrices are real. For a
continuous function f, we say that it belongs to C. We say
that a function is L if it is bounded. For any matrix A, A’
denotes its transpose. For any z € R", |z| denotes v/2’2.
I, denotes the n x n-dimensional identity matrix. For any



matrix A, A® = I. For any matrix M, || M| denotes its 2-
induced norm. 0,,,»,, denotes the m x n-dimensional matrix
whose elements are all zeros. For any waveform wjg;,) €
C([0,tr),RP), where t; € (0,00] C R, and p € Z,
[0,¢) loe = sUPse(o,4,) [ul(?)].

III. MINIMUM PHASE PROPERTY FOR FEEDBACK
INTERCONNECTED SYSTEMS

We first present a lemma which establishes the minimum
phase property for MIMO LTI systems in a general canon-
ical form, which arises in interconnected systems.

Lemma 1: Consider a MIMO LTI system

Ty = onz""Aolxl'i_' ' '+A07‘xr+Aor+lb0u+Dow (13)

& = Ao+ An1+- -+ Az +xi 01+ Diw; (1b)
1<i<r

Ty = Aroxz + Arlxl +- 4+ Arrxr + Bou + Dyw (1o

y=x1+ Fw (1d)

where z, e R™*, n, e N; z; e R™,i=1,...,r,r € IN;

By € R™*™ is invertible; y € IR™ is the output, m € IN;
u € R™ is the control input; w € RY is the disturbance
input, ¢ € Z,; all matrices are of a?proprlate dimensions
and constant. Let z = [/, :1:1 ], 2(0) = 29 € Dy C
R", Dy is a subspace, n = n, + mr € IN; W[0,00) €
Wa of class B, (See Definition 2 of [5]). Assume that
Im, € {1,...,r+1} such that A,; = 0y xm, Vi € {mo+
1,...,7+1};and A, = Opmxn,, Vj € {1,...,m, — 1}.
Then, system (1) is minimum phase with respect to Dy and
Wy and admits UVRD r from u to y if the dynamics (1a)
satisfies Ve, > 0, Je. > 0, Vg € Dy with |xg| < ¢y,
Vw[om) € W, with Hw[0100)||oo < cCw, Vl‘i[0700) e C
with [|70,00) [loc < Cw» @ = 1,..., My, (@41 := bou for
notational consistency) we have [|2.9,o0) |00 < ce.

Proof: We will prove the lemma using mathematical
induction on m,,.
1° me = 1. Clearly Aoos = -+ = Apr41 = Op_xm.
Then, it is easy to show that (1) admits UVRD r, and
furthermore, by Proposition 2 of [1], (1a) is the EZD of
(1) according to Definition 1 of [1]. Then, (1) is minimum
phase with respect to Dy and Wjg. This proves 1°.

2° Suppose that the lemma holds for m, < k(< r).

3° Consider the case m, = k+1 € {2,...,r + 1}
Consider the state transformation z := [Z), :cl A
Tl_lgc = [:c’z — 2 AL T x’r]/ Then, in Z coordi-

nates, system (1) admits the representation with Z(0) =

To == [Tl 7o) € Do := T (Dy), which is a
subspace of R",
JL?Z - Aoa_?z + AvokJrlxk + Aolxl + -+ Aokxk
+Dow — Ap g1 (A + -+ - + Aprap + Dyw)
::Aojz +Aolxl + "'+Aokxk +Dow (23)
T = Ajpxy + -+ Ayxi + 241 + Diw; (2b)
i=1,....k
Ty = AioT: + AicAokr17k + Ajnr + - + Ay
+zip1 +Dyw;, i=k+1,...,r (2¢)
y=ux1+ Fw (2d)

Clearly, the representation (2) is in the form of (1) with
me = k. We will apply the inductive argument to show
that (2) is minimum phase with respect to Dy and W,.
Toward this end, Ve, > 0, VZo € Dy with |Tg| < ¢y,
V’LU[O)OO) € Wy with Hw[O,oo)”OO < cuw, V:Ci[opo) € C
with [|2{0,00)[Joc < Cws @ = 1,...,k. Since Tg € Dy =

eV
S,
W o
N >
u S i
— —

Fig. 1. Block diagram of two feedback interconnected systems.

Tl (Do) then g := [(E 1’1 0" .’L'r()] = Thag € Dy
with |£g| < [|T1]|cw. The solutlon to (2a) may be decom-
posed by linearity as the sum of the following three systems.

m=Aom+Anr1+- -+ AokTr+ Ao k1 (—Agrr —- -

—Agpar—Diw)+ Dyw; n1(0) =10 (3a)
N2 = Aonp; 72(0) = —Ag pr18k,0 (3b)
773 = Aon3 + Avo k+1Lks 773(0) = 0(n—r)><1 (30)
Z20,00) = "M1[0,00) T 772[0,00) + 13[0,00) (3d)

Let Zpy1 = —Apiry — - — Appxr — Dpw. Then,
k

Tpt100,00) € C and [[Zpi10,00) o0 < (Xoimy [[Akill)cw +
HD;C” Cw1Cy- For (3a) by the assumption of the
lemma, Je.; > 0, which depends only on ||T1]|¢w, CuwicCuw,
and ¢, such that ||71[0,00)[[o0 < Ce1-

Under the assumption of the lemma, by Lemma 9 of [5],
the following system is bounded input bounded state (BIBS)
stable: § = Ao& + Aory1v, £(0) = 0(,,—p)x1. For (3b), by
Lemma 3, Jc.o > 0, which does not depend on any other
constant, such that [[72p0,00)llcc < ce2l|Aokt1ll|Zr0] <
Cc2 ||A0 k+1 ch-

Again by Lemma 3, (3c) is BIBS stable. Then, by
Lemma 6 of [5], Jc.3 > 0, which does not depend on any
other constant, such that [|73(0,00)[lco < Ce3Cu-

Then, we have [|Z.)0,00)llocc < Ce1 + ceal|Aortillcw +
CcaCyw. This shows that (2) satisfies the inductive assump-
tion. Hence, (2) is minimum phase with respect to Dy and
Wy and admits UVRD 7, which is equivalent to that (1)
is minimum phase with respect to Dy and Wy and admits
UVRD r from u to y.

This completes the induction process and the proof. N

Next, we present a theorem that establishes the minimum
phase property for the composite system consisting of two
subsystems in feedback configuration. The block diagram
of the system is shown in Figure 1.

Theorem 1: Consider two LTI systems in feedback:

{ & =A1x 4+ Biu+ D1 4w + Dy yv; 2(0) =

S

Cow =:

y=Ciz+ Kiu+ Eq ,w+ By v (4a)

5 = 0117 + Klu
g, . { i) = Agn + Bad + Dav;
25 Y w=Con + Ko + Eyv
where z € IR™ is the state for S1, ny € Z,; y € R™ is
the output of S1, m; € IN; u € R™* is the input for S1; 6 €
IR™* is the noiseless output of S7, which is also the input
to So; w € R is the disturbance input for Sy, g, € Z,,
which is also the output of Sy; v € R? is the disturbance
input for both S; and Ss, ¢, € Z4; n € IR™ is the state
for So, no € Zy; 9 € Dyo, Deo € R™ is a subspace;
no € Dpo, Do € IR™ is a subspace; vjg,oc) € Wy of
class By, ; and all matrices are constant and of appropriate



TABLE I
6 EXHAUSTIVE AND MUTUALLY EXCLUSIVE CASES FOR THEOREM 1.

Case I: 0=171 <ni/m; and no € Z4

Case 2: 1 =171 =n1/m; and ngp € Z4

Case 3: 2<r;y=mni1/mi and no € Z

Case 4 1=1r1 <ni/m; and ngo € Z4

Case 5: 2<r;y<ni/mi and no € Z

Case 60 0 =171 =n1/m; and ng € Z4
dimensions.

The composite system S has control input u, output ,
and disturbance v. Assume that

1) Si admits UVRD 7 € {0,...,[ -]} from u to

y and is minimum phase with respect to D,y and
C([0,00), R?) x Wy, where w and v are considered
as disturbances;

2) Eiw = ILn, + E14,K> is invertible, such that S

admits a well defined UVRD; and B
3) the following associated system of Sa, So,
’(/J (Ag — BgEl wEl ng)’lﬂ + BQT + DQ’U
= Agw + Byt 4+ Dov; ’(/J(O) =1 € 'Dno (5)
oO=T
with control input 7 and disturbance v and output
¢ € R™* is minimum phase with respect to D, and
Wa.

Then, the composite system .S admits UVRD r; from u
to y and is minimum phase with respect to Do x D9 and
Wa.

Proof: Note that
Yy = 5+E1w(027’]+K25+E21))+E101)
= (Imy + Er,wK2)0 4+ Er 0 Con + (Evw + EvwE2)v
El w6+E1 w0277+E1 vV (6)

We will distinguish 6 exhaustive and mutually exclusive
cases, which are listed in Table I.

Case 1: 0 =r; < ;- and ny € Z4. By Lemma 4 of [1],
without loss of genera ity, assume that S; is given in the
following EZDCEF representation, /; being invertible,

&= A1z + By (y — BE1pw — Elvv)—l—Dlww—l—Dlvv
=: A1z + By + D1 w + D1 v; x(0) = g
y =0+ FE yw+ E v
6 = Cix + Kqu
Note that, by (6),
6= Ei,, (y — ErwCan — E1v)
w=Con + Ky6 + Eyv =: Con+ Ko Ey yy + Eyv
Then, the composite system S admits the following repre-
sentation, in £ = [z 1/ ]/ coordinates,

T = ;11:17 + Bly + Dl,w (0277 + KQE;i}y + EQ’U)—FDLU’U

=: A1z + Aran + By (y — E1,00) + Dy v (7a)
n = AQ’I] + BQE;}U (y Fy ngT] + El UU) + Dov

= Aon + B2E1 w(y By V) + Dav (7b)
Yy = Ey wCix + By, w0277+E1 wKiu+ By LU (7¢)

Clearly, (7) is in the EZDCF (14) of [1] with (7a) and (7b)
as its EZD, since El,le is invertible. Hence, S admits
UVRD 0 = 7y from u to y. Ve, > 0, vizhm] e
Do x Do with [[zh10]' | < cu, Vv‘o 00) € Wa with

HUOOO)HOO < cCws vyOOO) € C with |y[0,oo)||oo < cCu,
let 29 o0y and 7y o) be the solution to (7a) and (7b). Let

T = EAf;
(HE;}UH + ||_EA17;EA1UH)CM =: ¢yp1. By the assumption on
the system S5, dc.; > 0, which depends only on ¢, and
Cw1, such that [[1p oo)llec < cc1. Note that wyg o) € C
with ”wO OO)HOO < HC2||Ccl + HK2E1 i;”cw + HE2||Cw =
Cw2- Smce S1 is minimum phase with respect to D, and
C([0,00),R7) x Wy, e > 0, which depends only of ¢,
and ¢, such that ||z o) lloc < 2. Then, [[£[0,00)llc0 <

V€2 + ¢2,. Hence, (7) is minimum phase with respect to
Dyo X Dyo and Wy. This proves Case 1.

Case 2: 1 =1 = and ng € Z,. By Lemma 3 of [1],
without loss of genera]hty, assume that S; is given in the
following EZDCEF representation, 3; being invertible,

&1 =A1 1121 + Biu+ Dy 1w + D1 150
d=z1; y=a1+E ww+ E1 v
where z = 1 € R™'; 2(0) = 219 € Dyo C
that, by (6),
y:Elwilfl-i-EleQ’I]-i-Elv’U =!I +E11,1)
The system S admlts the following representation, in § =
7'z, = Ty [’ 7] coordinates with £(0) = & -
/ = —
[16 71,0]" € Do :=T7 (Dxo x Do),
’f] = AQT] —|— BQZCl —|— DQ’U = 121277 + BQE;;J_H + DQU
= Aon+ BaZy + Dyv R (8a)

1 = E1,wC2 (Aan + BaZ1 + Dav) + Eq 4 (A1 1121

+Biu + D1 14 (Con + Kox1 + Eov) + D1 140)
::A1=1”7Z+ A11121 + B wBiu+ Dy 1pv (8b)
Yy = fl —+ El,'uv (SC)

We will further distinguish two exhaustive and mutually
exclusive subcases: Case 2a: ny € IN; Case 2b: no = 0.

Case 2a: ny € IN. Clearly, (8) is in EZDCF (L1) of [1],
and admits UVRD 1 = r; from u to vy, since E; ,B; is
invertible. Note that (8) is in the form of (1) with m, = 1.

Vew >0, V(no,Z1,0) € Do with [(no,Z1,0)] < cus
V’U[on) € Wy with H'U[O,oo)Hoo < Cw» Vfl[opo) € C with
1Z1]0,00) lloc < cw» let Mooy be the solution to (8a). We
have 79 € Dy and |ny| < ¢y. Let 7 = E;i}fl Then,
Tio,00) € C With [|7jg.00)llcc < [[E7pllcw =t cw1. By the
assumption on the system So, Jc.; > 0, which depends
only on ¢,, and ¢,1, such that |9 o0)|/c < cc1. Hence, (8)
is minimum phase with respect to Dy and W, by Lemma 1.
This completes the proof for Case 2a.

Case 2b: na = 0. (8) is in the EZDCF (13) of [1]. Then,
(8) is minimum phase with respect to Dy and Wy since its
EZD is absent. This proves Case 2b and Case 2.

Case 3: 2 <r; = - and ny € Z,. By Lemma 3 of [1],
without loss of generahty, assume that S; is given in the
following EZDCEF representation, 3; being invertible,

;= Ar1n21 + 2ip1 + Dygew + Dy vy 1 <40 <y
i'rl = Al,n 121 + Blu + Dl,rlww + Dl,rlvv
d=x1; y=x1+E ww+ E v
where z = [} --~x;1]/; € R™,i=1,...,r; z(0) =
X0 1= [:c’w e x}lyo}l € D,o. Note that, by (6),
y= El,wffl + Ey,wCon + El,vv =T+ El,vv
Then, S ad-
[77’ 7y -1, ]
/

;‘1,0] -

(y — EA’LUU). Then, T[0,00) € C with ||T[O,oo)||00 <

R™*. Note

Define z; = EALwLL'i, T = 2,...,71.
mits the following representation, in & =
= T;'[2'7]" coordinates with (1610



£(0) = & € Do := Ty ' (Dao X Dyo),
1 = Asn+ Baxy + Dov = Azn + BQEl_,Sujl + Dov
= Agn + BaZ1 + Dav R (9a)
71 = By ,,C02 (Aan + BaZy + Dav) + By 4 (A1 1171
“1:172 =+ Dl,}w (027’] + KQIL"’ EQ’U) =+ Dl_’hﬂ})

:1/}1,17;77+A1,1151 + 2o + D110 (9b)
Z; = Fiw (ALne1 + ig1 + Diiw (Con + Koy
+E2’U) + Dy w’U) 1=2,...,11 —1
= Al ann + ALa @+ T + Dl w?; (9¢)

Ty, = El,w (A1 121 + Biu+ Dy (Con + Koz
+E21)) + Dl,rlvv)
=: Al,rmﬁ + A + EvwBiu+ Dypov (9d)
y =11+ E1 v (%)

We will further distinguish two exhaustive and mutually
exclusive subcases: Case 3a: ny € IN; Case 3b: ny = 0.

Case 3a: no € IN. Clearly, (9) is in form (1) with
m, = 1, and admits UVRD 7y from u to y, since 4, B
is invertible. We will apply Lemma 1 to prove this subcase.
Ve, > 0, Vgo € Dy with |§0| < Cw, V’U[on) € Wy with
HU[O,OO)HOO < cCw, vj1[0,()0) € C with Hjl[O,OO)HOO < Cuws
let 7j0,00) be the solution to (9a). We have 19 € D, and
o] < cu. Let 7 = E LZ1. Note that To,00) € C with
170,00 [l < HELchw =: ¢y1. By the assumption on S,
Jee1 > 0, which depends only on ¢, and ¢, such that
H77[0,oo)||oo < Ceq. Hegce, by Lemma 1, (9) is minimum
phase with respect to Dy and Wjy. This proves Case 3a.

Case 3b: ng = 0. (9) is in the EZDCF (13) of [1]. Then,
(9) is minimum phase with respect to Dy and Wy since its
EZD is absent. This proves Case 3b and Case 3.

Case 4: 1 =7y < - and ny € Z4. By Lemma 2 of [1],
without loss of genera ity, assume that S; is given in the
following EZDCEF representation, B; being invertible,

iz = Al,zxz + Al,zlxl + Dl,zww + Dl,zvv
T1=A11.2. + A1 1121 + Biu+ Dy 1w + D1 1450
d=z1; y=z1+E ww+ Ei v
where z = [/, a:’l]/; r, € R"', n,y =ny —rimy; 1 €
R™'; and z2(0) = z := [:Efzo x’LO]I € D,o. Note that, by
), y = B wz1 + E1,0wCon + Eq v =: 1 + Eq,v. The
composite system S admlts the followmg representation, in
&= [aln :vl] = T, ' [2'7']" coordinates with £(0) =
€0 = [2Lo 1021 0] € Do := Ty H(Dao x Dyo),
jz - Al zxz + Al zlE_l (_ El,wOQTI) + Dl,zw (0277
+K2I1 —+ EQU) + D1 zvv

— Al n77+A1 2Lz +A1 zlxl +D1 z'uv (loa)

1 = Asn+ Baxy + Dav= A277 + BzEl wZ1+Dov (10b)
i1 = B1,uwCo(Aan+Bo By L1+ Dov) + By (Ar 122+

Az +B1U+D1,1w(C2n+K2£C1 +E5v)+ D1 140)

= A2+ A+ AL 1T +E1,wb1u+D1,1vv (10c)

y =21+ By v (10d)

Clearly, (10) is in the EZDCF (11) of [1], and admits UVRD

1 = r; from u to y, since EA17MB1 being invertible. Note

that (10) is also in the form (1) with m, = 1.

Vew > 0, Vgo € Dy with |€0| < Cy)» V’U[on) € Wy with
HU[O,OO)HOO < cCws vj1[0,()0) € C with Hjl[O,OO)HOO < Cus
let x.[0,00) and 7 c) be the solution to (10a) and (10b).

Then, T1&p € Dyo X Dyo, (220, Ef w($1 0 — E1,wCam)) €

DIO with |($Z0, Eii(jLO — El wOQ’I]Q))| S C1Cy, where
P H In 1 Onz1><n2 Onz1><m1
v m1><71z1 El wE1 wc? Elw
with |ng| < ¢y. Let 7 = E ;cl Note that 79 ) € C
with [|7(0,00)[loc < ||E1_’w||cw =: ¢y1. By the assumption
on Sy, dc.; > 0, which depends only on ¢, and ¢y,
such that |9l < cc1. Note that 2qpp.) € C
with [[210,00)[loc = [1ET0 (Z110,00) = E1,0C210,00)) o <
HE;LHCw + ||E1_wE1 wC2||Ccl =: Cyo; and W[0,00) eC
Wlth HwO 00) ||oo = ”02770 oo)+K2x1[O oo)+E2U[O 00) Hoo >
I QHccl—l—|\K2||cw2+|\E2ch =1 Cus; and Yj,o0) € C with
Hy[O 00) Hoo = ||:E1[O oo)+E1 vUo oo)Hoo < Cw+HE1 'UHC'w =
Cw4. Since S7 iS minimum phase with respect to D, and
C([0, 00), R )XWy, then, by Definition 1 of [1], Ic.o > 0,
which depends only on c¢jcy, Cwia, Cuw3, and ¢, such that
1220,00) oo < Ce2. Then, [|€210,00) [0 < V/€2) + €2y, Where
& =[xl ]/. Hence, (10) is minimum phase with respect
to Dy and W, by Lemma 1. This proves Case 4.

Case 5: 2 <r; < 2t and ny € Zy. By Lemma 2 of [1],
without loss of genera]hty, assume that S; is given in the
following EZDCEF representation, B; being invertible,

iz = Al,zxz + Al,zlxl + Dl,zww + Dl,zvv

;= A1 nx1 + ziy1 + Dy iww + D1ipv; 1 <<

jrl - Al,rlzxz + Al,rllxl + Blu + Dl,rlww + Dl,rlvv

,and 79 € Dy

d=z1; y=a1+E ww+ E1v
where z = [z, x’l---x’rl]'; z, € R™', ny, = ng —
myry; ¢ € R™, ¢ = 1,...,r; and z(0) = 29 =
/
[200 %1 21 o] € Dyo. Note that, by (6),

Y= EAWLMZZH + El_’wOQ"] + EA’LU’U =:Z1 + E’va
Define z; = Elywxi, i = 2,...,71. The composite
system S admlts the followmg representation, in £ =
(2 n' @) -2 ] = 17" [2' 1] coordinates with £(0) =
o= [Thomo Th0- '55;«1,0} € Dy =T (Dyo x Do),
Ty = Al 2Ty + Al z1E1711U (jl El,wCZT]) + Dl,zw (0277

+Kox1 + EQ’U) =+ D1 20U

- Al zxz+Al nn+A1 2171 +D1 sz (113)

77 = Aan + Bazy + Dov= A2n+B2E1 w1+ Dov (11b)
= E1,Cs (Aan + BQE wZ1 + Dav) + B (A2

—|:£CQ =+ D11_1w (027’] + KQ.CC1_—|— EQ’U) =+ Dl,lvv)

= Avgn + Ay + Ty + D1 (11¢)
Ty = 1w (A1, 21+Zig1+ D10+ D1 i (C2n+ Koz +

EQ’U))* A “7774-141 i1T1+Tig1 +D1 LivUs 2<i<r{l1d)

= By (A 22 + Ay 121 + Bito4 Dy (Can

+K2I1 + E2U) + Dl,rluv) Al lexz + Al 7"17777

+A1 171 +E1,wBlu+Dl,r1vU (11e)

y =21+ E1 v (11f)
Clearly, (11) is in the form (1) with m, = 1, and admits
UVRD r; from u to y, since Ewal is invertible.

We will apply Lemma 1 to prove that (11) is minimum
phase with respect to Dy and Wy. Ve, > 0, V& € Dy
with €] < ¢, V’U[on) € Wy with ”v[O,oo)Hoo < Cw,»
Vfl[opo) € C with Hjl[o,oo)Hoo < ¢y, let Z2[0,00) and
70,00) be the solution to (11a) and (11b). Then, 71§y €
Do XDnO, o € Dno with |7’]0| < ¢y, and (ZCZQ, Eillu(:fl,()_

Al -1~
E1wCano), B 42,0+ By % 0) =t Tiz§o € Dao



with | T14&0| < ||Tizllcw =t cicw. Let 7 = Ep 7. Note
that 79, € C With [[70,00)llcc < |5 llcw =t cur. By
the assumption on S, Jc.; > 0, which depends only on ¢,,
and cy1, such that [[7)g ) |lec < cc1. Note that 24 o) € C

with [[21]0,00) o = 170 (F110,00) = E1,0Cafo0,00)) |00 <
HElji;ch + ||E1T3UE1)U,CQHC(31 =: Cyuo; and W[0,00) eC
with [[w)o,00) [|oc = |C21)0,00) + K2%1[0,00) + E2V[0,00) [|oc <
HCQHCcl‘i_HKQH'Cw2+||.E:2HCw =: Cyw3; and Y[0,00) € C with
Hy[Ooo)HOO = ”_jl[O.,_L)o.)""El,vU[O,oo)Hg)o < Cw+HE1,vHCw =
Cw4- Since S is minimum phase with respect to D, and
C([0,00), R )x Wy, then, by Definition 1 of [1], Ic.o > 0,
which depends only on c¢icy, Cwia, Cuw3, and ¢, such that
[12210,00) [l oo /g Cea. Then, [[€210,00) [loe < v/ €2y + %y, where
&, = [zL n']. Hence, (11) is minimum phase with respect

to Dy and W, by Lemma 1. This proves Case 5.

Case 6: 0 = rq1 = ;L and ny € Z4. By Definition 2 of
[1], without loss of generality, assume that the system S
is given in the following EZDCEF representation, /; being
invertible,

St y = Kiu+ El,ww + El,v'U;
By (6), we have
y=E1,0Con+ B wKiu+ By v
5 = Klu = E;i} (y — E17w0277 — El,vv)
Then, the composite system S admits the EZDCF:
f] = AQT] + BQE]:,}U (y — El_’wOQ'f] — El,vv) + DQU
= Aon+ BoEy  (y — E1,v) + Dav (12a)
y=FE1,wCon+ B wKiu+ By v (12b)
Qlearly, (12) admits UVRD 0 = r; from u to y, since
Ey K is invertible. If no = 0, then (12) is minimum
phase with respect to RY = D, x D, and Wy since its
EZD is absent. If no € IN, then (12) is in the form of (14) of
[1] with (12a) defining its EZD. Ve, > 0, V1o € D, with
ol < cuw, VU[O,oo) € W, with ||U[0700)|‘OO < Cw, Vy[oyoo) €
C with [|y70,00)[loc < €w> let 7)o ) be the solution to (12a).
Let 7 = Ei,, (y — E1wv). Note that 7o) € C with
I70,00)lloo < 1B wllew + BTy Brollew = cur. By the
assumption on So, dc. > 0, which depends only on ¢, and
cw1, such that |90 ) [leo < c.. Hence, S is minimum phase
with respect to Dyg = Do x Dy and Wy by Definition 1
of [1]. This proves Case 6.
This completes the proof of the theorem. [ |

6=K1u

IV. BOUNDING LEMMAS ON THE INVERSION OF
MINIMUM PHASE SYSTEMS

In this section, we present results on boundedness of the
inverse of minimum phase systems. First, we present a result
for a square MIMO LTI system with UVRD zero.

Proposition 1: Consider a square MIMO LTI system:

&= Az + Bu+ Dyw + D,v; 2(0) = xz¢ (13a)

y=Cx+ Ku+ E,w+ E,v (13b)
where © € R" is the state vector, n € Z,; u € R™ is the
control input, m € IN; y € R™ is the output; w € R is
the disturbance input, g, € Z4; v € IR is the disturbance
input, g, € Z.; xg € Dy € IR", Dy is a subspace; V[0,00) €
Wy of class By, ; and all matrices are constant.

Assume (13) admits UVRD 0 from « to y and is mini-
mum phase with respect to Dy and C([0, 00), R™) x W,
where w and v are viewed as disturbances. Then, Vc,, > 0,

Jee > 0, Voo € Do with [29] < cuw; YUjn,00) € Wy
with [[vj0,00)llec < cw, Yty € (0,00] C Re, Yupo,,) € C,
V’LU[O)tf) € C with ||w[07tf)||00 < s let T[0,t5) and Y[0,t5)
be the solution to (13); if Hy[o)tf)Hoo < c¢u, We have
[Z[0,t4)llso < ces and [|ujo ¢ )[[oc < ce

Proof: We will distinguish 2 exhaustive and mutually
exclusive cases: Case 1: n = 0; Case 2: n € IN.

Case 1: n = 0. By Definition 2 of [1], (13) admits the
following EZDCF, K being invertible, y = Ku + E,w +
E,v. Then, we have u = K ! (y— E,w—E,v). Clearly, the
desired result holds with ¢, := || K~ ||c, + || K 1 Eyllcw +
|K~1E,| cy. This proves Case 1.

Case 2: n € IN. By Lemma 4 of [1], without loss
of generality, assume that (13) is given in the following
EZDCEF, B, being invertible,

= Az + B(y — Eyw — Eyv) + Dyw + Dyv (14a)

y=Cx + Byu + E,w+ E,v (14b)
Ve > 0, Voo € Dy with [z] < cw, Yjo,00) € Wa
with [[vj0,00)loc < cw, Yty € (0,00] C Re, Yupo,, € C,
Vw[o_’tf) € C with ||w[07tf)||oo < ey let Z(o,ty) and Yio,ty)
be the solution to (14); and let [[yjo¢,)[loc < cw-. Since (13)
is minimum phase with respect to Dy and C([0, c0), R™) x
W, by Definition 1 of [1] and Lemma 4, then, Jc.; > 0,
which depends only on ¢,,, we have |[z[g,;,)/|cc < cc1. Note
that u = By ' (y — Cx — Ew — E,v). Then, 10,6 ) lloo <
HBo_chw + HBO_ICHCcl + HBo_lech + HBo_lEchw =:
cc2- This proves Case 2.

This completes the proof of the proposition. [ |

Next, we present results for systems with positive
UVRDs. First, we present a technical lemma.

Lemma 2: Consider the following chain of integrators:

Ty =xi41 + Diyw + Dyyv; 1 =1,...,r1 — 1 (15a)
Try, = Biu+ Dy W + Dy v (15b)
where z; e R™, i =1,...,r, 1 € N,m € IN; w €
R? is the disturbance input, ¢, € Z4; v € R? is the
disturbance input, ¢, € Zy; u € R™ is the control input;
By is invertible; x = [@} -2l ] 2(0) = zy € R™™,
V[0,00) € Wa of class By, ; and Djy, and Dy, 0 =1,..., 71,
are constant matrices. Consider another LTI system, .5,
sharing the same set of inputs as (15):
1= An+ Bu+ Dy,w + D,v; n(0) =no (16a)
y=Cr (16b)
where € IR™ is the state, ny € IN; y € R™? is the
output; u, w, and v are as (15); ng € Dy € R"?, Dy is a
subspace. Assume all outputs of .S, has relative degree at
least 7 from u and satisfies: V¢, > 0, deep > 0, Vo €
Dy with [no] < cw, Yujg,00) € C With [[up oo)llec < Cus
Ywio,00) € C with ||w[07m)|\oo < Cw, YU[0,00) € Wa with
HU[O,OO)HOO < cw, We have ”n[O,oo)Hoo < cCe1-

Then, Ve, > 0, 3o > 0, Vg € R™™ with |20] < ¢y,
Vno € Dy with |no| < ¢y, VE; € (0,00] C Re, Vup,i,) €
C, Vw[o_’tf) € C with ||w[07tf)||oo < cws YV[0,00) € Wa With
100,00) [0 < €. Let mjo.¢,) and yyo,¢,) be the solutions to
(16), and zo ;) be the solution to (15). If [[x1]g¢,)[lec <
Cw, then [|Yjo,¢,) oo < cea-

Proof: V¢, >0, Vg € R™™ with |zo| < ¢y, Vo €
Do with o] < ¢y, Yty € (0,00 C Re, Vup,i;) € C,
V’LU[O)t y € C with ”w[O,tf)Hoo < cu, V’U[on) € Wy with
Cw > ﬂv[om)ﬂoo. Let 7j0,¢;) and yjo ¢,y be the solutions to
(16), and [y, be the solution to (15). Let [|x1]g,¢,)[lo0 <



Cw-
Let z := 1 — YL, A" kBB oy« [0,t7) — R™.
Then, z satisfies the following state space equation:

2= Az—BB; " (Dyyw+ D,y yv)+ A" BBy 21+ Dyv

r1—1
+Dyw =y " A" BB (Dyywe+ Diyv)
T1 _ _
20) =m0~ A"TEBB kg

where 29 = [7] -~-x’m_’0]/; zio € R™, i =1,...,r.
Then, by the linearity and uniqueness of solution to linear
differential equations, z[o,) may be generated by

5.1 = A& — BB;1 (Dyyww + Dyyyv) + Dyyw + Dy
. 51(0) =To _

51’ - A(Sza 51(0) = —AlBBl_IIh,i_ro; 1= O, e, — 1
&= A — AP BB (Dyy s wto + Dy 00):

. Ci(0)=0p,%x1; t=1,...,m1 — 1

Cry = Al + A" BB 215 G, (0) = 0,51

r1—1 T1
Zlo,tp) = &1j0,t5) + Zi:o difo,t5) + Zi:l Gifo,t )
Let Ufo,t,) = —Bl_l (Drlww[O,tf) +Dr1vv[0,tf))- Note that
no € Do and |770| < Cus Uo,t;) € C with Ha[o,tf)Hoo <
1By Dyywllew + 1By Dryyllew =t cwrs wpo i) € C with
Hw[O,tf)Hoo < ¢y; and go)oo) € Wy with H'U[O,oo)Hoo < Cy-
By the assumption on S, and Lemma 4, Jc., > 0, which
depends only on ¢, and ¢, such that ||§1[07tf)|\oo < Cea-

By the assumption on S, and Lemma 9 of [5], we have
that the following dynamics 41 = Ak, + Bp, k1(0) =
0,,, x1, 1s BIBS stable. By repeated application of Lemma 3,
we have that the following dynamics

ki = Aki + A7 Bp; ki(0) = 0513 1 =2,...,71 + 1
are BIBS stable. Fix any ¢ = 1,...,7r — 1. Let p; =
~B;' - (Dyy—iww + Dyy—iyv) : [0,t7) — R™. Then,
pi[O,t{) € C and Hpi[o,tf)”oo < HBl_lDrl—iw”Cw +
1By "Dy —ivl|cw =: CwaiCw. Since k;+1 dynamics is BIBS
stable, then, (; dynamics is BIBS stable. By Lemma 6
of [5], dca; > 0, which depends only on A and A'B,
such that HCz‘[o,tf)Hoo < CAiCwAiCyw. Since Ky, 1 dynamics
is BIBS stable, then, (,, dynamics is BIBS stable. Let
Pry = Bflxl. Then p,,0,¢;) € C and ||pT1[07tf)Hoo <
HBl_lﬂcw =: CwAr Cw. Then, by Lemma 6 of [5],
Jear, > 0, which depends only on A and A™ B, such that
HCm[O,tf)Hoo < CAry CwAr, Cu-

Ve = 0,...,r1 — 1. Since k;41 system is BIBS stable,
by Lemma 3, note that |—B; 'z, _io| < 1By lew =
CwAr, Cws, then, dcp; > 0, which depends only on A and
A'B, such that [|6;10.¢,)llcc < €BiCwAr Cu-

Hence, we have Hz[O)tf)Hoo < cca+zz;gl CBiCwAr Cuw+

:;1 CAiCywAiCw =" Ccl-

Note that y = Cz + > ;L CA" " *BB 'z, = Oz +
CA™ _1BBl_ L2, since y has relative degree at least 1 from
w. Hence, [y, loc < [Cllecr + [CA™ BBy e,y =
Ce2.

This completes the proof of the lemma. [ |

Proposition 2: Consider two LTI systems sharing the
same inputs:

S . & =A1x 4+ Biu+ Dy 4w + Dy yv; 2(0) = 017
L Y1 = 0117 + Elyww + ELU’U
S, : { n i ézn + Bau + D yw + Do ,v; n(0) = 770(18)
Y2 = Can

where © € IR™ is the state of S1, 1 € IN; u € R™ is
the control input, m € IN; y; € IR™ is the output of Sy;
w € IR is the disturbance input, ¢, € Zy; v € R™ is
the disturbance input, ¢, € Z.; n € R™* is the state of So,
no € IN; yo € R™? is the output of Sy; 29 € Do € R™,
Do is a subspace; 1y € Dyg C R™, D, is a subspace;
V[0,00) € Wa of class By, ; and all matrices are constant.

Assume that

(i) S1 admits UVRD r; from u to y1, 1 < rp <
2L and is minimum phase with respect to D, and
C([0,00),R7) x Wy, where w and v are viewed as
disturbance inputs;

(ii) So satisfies that Vc,, > 0, Je1 > 0, Vo € Dyo
with |10] < cw, Yup o) € C With [J1)g o) llce < Cws
Ywio,00) € C with hw[o,oo)”oo < cw, YWo,00) € Wa
with [|v]0,00) [loo < €w» We have [|1)0,00)[loo < ce13 and

(iii) y2 has relative degree at least 7o € from u, i.e.,
O3By = - = CoAY 2By = Opyxm-

By Lemmas 2 and 3 of [1], without loss of generality,

assume that 57 is given in the EZDCF: Case 1: mry = ny

T = A1 1+ 241+ D1 jww—+ D1 ipv; 1<i<r(19a)

j':rl :Al,rllxl +Blu+D1,r1ww+D1,r1vU (19b)

y1 =21+ E1pw+ E1,v (19¢)

where z = [} -~-x’rl]/; x, € R™, 0=1,...,r; 2(0) =

To = [:E’LO e x/rl,o]/ € D,o; and Bj is invertible; Case 2:
mry < ni

j':z = Al,zxz + Al,zlxl + Dl,zww + Dl,zvv (203)

;= A1 e + Tiv1 + Dijww + Dy vy 1<0<r1(20b)

5.57‘1 = Al,rlzxz + Al,rllxl + Blu + Dl,nww

+D1,7‘1'UU (20C)

Y1 =21+ El,ww + El,'UU (20d)
where z = [zl 2} -2l ]; 2. € R™, n, = ny —
rim; z; € R™, i = 1,...,r1; z(0) = zo =

/ . . .
[200 %102y 0] € Dyo; and By is invertible.

Then, Ve, > 0, Je. > 0, Vg € Dyo with |zo| < ¢y,
V1o € Dpo with [no] < cw, Yty € (0,00] C Re, Yujoy,) €
C, V’LU[O)tf) € C with ||w[0,tf)||oo < cw,» VU[O,oo) € Wy with
1v10,00) loo < cw- Let mpo¢,) and yafo ;) be the solutions
to (18), and x[g,) and yijo,) be the solution to (17).
If [lz110,¢5)llc0 < Cws -os [[Tho0,¢5) |0 < cws for some
fixed kg € {1,...,71}, and 2 > r4 — ko + 1, we have
HyQ[O,tf)Hoo < ce.

Proof: Ve, > 0, Vg € Dyo with |zg| < ¢y, Vo €
Dpo with [no| < ¢y, YVt € (0,00] C R, Vup,i,) € C,
Vw[o_’tf) € C with ”w[O,tf)HOO < Cws YV[0,00) € Wa with
[1V10,00) [0 < €w- Let mjo,¢,) and ysp0,¢,) be the solutions
to (18), and z[g¢,) and yijo¢,) be the solution to (17). Let
Hxl[O,tf)”oo < Cuyy oees kag[o,tf)”oo < Cy-

We will distinguish two exhaustive and mutually exclu-
sive cases: Case 1: mry = nq; Case 2: mry < nj.

Case 1: mr; = ny. S; admits the representation (19).
We will apply Lemma 2 to prove this case. The chain of
integrators is

i =xip1 + [A1a Diiw] [24 W] + Dy iv; ko <i <1
j,:rl =DBju + [Al,rll Dl,rlw] [1711 w/]l + Dl,rlvv
Then, by Lemma 2, 3¢, > 0, which depends only on ¢,
such that |y2(0,¢;)llcc < cc. This proves Case 1.

Case 2: mry; < ny. S1 admits the representation (20).
Claim 1: 3¢, > 0, which depends only on ¢,,, such that

sz[O,tf)Hoo < Cec.



Proof: By the fact that S; is minimum phase with
respect to D, and C([0, 00), R?) x Wy and Definition 1
of [1] and Lemma 4, 3¢, > 0, which depends only on ¢,
such that [|2,(o ;;)[lc < €. This proves the claim. |

Now, we will apply Lemma 2 to prove this case. The
chain of integrators is

iy =Tip1 + [Omxn. A1 Diw] [z 2} w']

+D1_,Z-vv; i:ko,...,Tl —1
i'rl =DBju+ [Al,rlz Al,rll Dl,rlw] [I; x/l U)/]/ + Dl,nvv
Then, by Lemma 2, dc. > 0, which depends only on ¢,
and ¢, such that [|y2(0.¢,)llcc < cc. This proves Case 2 and
completes the proof of the proposition. [ |

In application of Proposition 2, we will refer to .S; as the
reference system. Finally, we present a corollary without
proof, which has a stronger assumption on Ss.

Corollary 1: Consider two SISO LTI systems sharing the
same inputs (17) and (18) as in Proposition 2.

Assume that

(i) S; admits UVRD r; from u to y1, 1 < rp <

~L, and is minimum phase with respect to Do and

C([0,00),R7) x Wy, where w and v are viewed as

disturbance inputs; and

(ii) the matrix Ao is Hurwitz and y, has relative degree

at least ro € IN from u, i.e., CoBy = --- =

Co AL ?Ba = Oy em.

Let S; be given in the EZDCF (19) or (20) depending on
whether mr; = ny or mr; < nj, respectively.

Then, Ve, > 0, e > 0, Vg € Dy with |2g| < ¢y,
V1o € Dpo with [no] < ¢y, Yty € (0,00] C Re, Yujoy,) €
cC, V’LU[O)tf) € C with ||w[0,tf)||oo < Cu» VU[O,oo) € W, with
[1V10,00) [0 < €w- Let 70,4,y and ysp0,¢,) be the solutions
to (18), and x[g,) and yijo,) be the solution to (17).
If [lz1j0,¢5)llc0 < Cws -os [[Tho[0,¢5)llcc < cws for some
fixed kg € {1,...,71}, and 2 > r4 — ko + 1, we have
HyQ[O,tf)Hoo < ce.

V. CONCLUSIONS

In this paper, we have further investigated properties of
minimum phase systems using the generalized definition
introduced in [1]. We proved that the composite system
consisting of a minimum phase system in feedback con-
nection with another linear system satisfying a certain
boundedness condition is itself a minimum phase system.
We have established two results (Propositions 1 and 2) on
the stable invertibility of minimum phase systems. When a
square minimum phase linear system has UVRD zero from
the control input to the output, has a bounded admissible
initial condition, and a bounded admissible disturbance
waveform, then the control input and the state trajectory
are bounded if the output of the system is bounded. When
a square minimum phase linear system has UVRD r; €
IN, a bounded admissible initial condition, and a bounded
admissible disturbance waveform, if the noiseless output
together with its noiseless derivatives up to koth order are
bounded, then, the output of a “stable” linear system sharing
the same inputs as the minimum phase system is bounded
if the relative degrees of the outputs of the “stable” system
satisfy ro > 11 — ko.

Future research along this direction lies in the model
reference robust adaptive control using the new definition
of minimum phase.

APPENDIX

Lemma 3: Consider the LTI system: Z = Az + Bw,
2(0) = 0,,x1, where z is the n-dimensional state, n € Z;
and v is the p-dimensional input, p € Z. Assume that the
system is BIBS stable. Then, the following statements hold.

1) For system 1) = An, n(0) = BE, where £ € R?, there

exist K > 0 and A > 0 such that V¢ € R? with [£] <

cw > 0, we have |n(t)| < cpke ™, Vt € [0,00).
2) The system & = Ax + ABu, 2(0) = 0,,x1, is BIBS

stable.

Proof: By Lemma 6 of [5], 3k > 0 and 3\ > 0 such
that ||e**B|| < ke™, Vt > 0. 1) By Theorem 4-4 of [7],
In(t)| = |eBE| < ke ey, VE > 0. 2) we note that
(2o w(A))AB = eMAB = A(XT, 5(A))B =

AAB] Yt € R. Then, |[eMAB| = [AeAB|| <
| Al[le®*B|| < ||A|lke=*t, ¥t > 0. By Lemma 6 of [5],
the result holds. ]

Lemma 4: Consider the LTI system:

&= Az + Bu + Dw; x(0) = g 21)
where x is the n-dimensional state, n € Zi; u is the
p-dimensional input, p € Z4; w is the g-dimensional
disturbance input, ¢ € Zy; z9 € Dy € IR", Dy is a
subspace; wjg,.c) € Wa of class B;. Assume that (21)
satisfies: Ve,, > 0, Je. > 0, Vg € Dy with |zg] < ¢y,
V’UJ[QOO) € C with ||u[0,oo)Hoo < Cuw, V’LU[O)OO) € W, with
llw,00) llcc < Cw, We have || o0) e < ce.

Then, Ve¢,, > 0, if ¢, is the constant defined previously,
Vi € (0,00] C Re, Voo € Dy with |zg] < ¢y, Vup,i,) €C
with Hu[o,tf)Hoo < Cw, Vw[opo) € Wy with Hw[O,oo)”oo <
cw, We have ||a:[07tf)|\oo < c,.

Proof: Ve, >0, Vi € (0,00] C Re, Vg € Dy with
|zo] < cuw, Vujo,¢,) € C with ||u[0)tf)|\oo < cw, YW[p,00) €
Wa with [[w)g c)llcc < cw. Let xp,) be the solution
to (21). Vt € [0,tr), we will show that |z(t)| < c.. Let
u(s) s € [0,1]
u(t) s € (t,00)
we have ||t oo)llcc < cw. Let Zjg ) be the solution to
(21) due to U[0,00)s W[0,00)> and xq. Then, |‘i‘[0700)||oo < cec.

U[0,00) € C be given by u(s) = . Clearly,

By the causality of (21), we have wpp; = Tjo,. Hence,
|z(t)| < ¢.. This completes the proof. [ |
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