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Abstract— In [1], we have introduced a generalized con-
cept of minimum phase for finite-dimensional continuous-
time multiple-input and multiple-output linear time-invariant
systems with additive disturbances. In this paper, we inves-
tigate further properties of minimum phase systems using
this concept. We prove that a minimum phase system with
uniform vector relative degree (UVRD) in feedback connection
with another linear system satisfying a certain boundedness
condition yields a minimum phase composite system. We
establish that a minimum phase system with UVRD may be
inverted, that is an arbitrary reference signal with bounded
derivatives up to certain order can be tracked, without making
the internal states unbounded. When a minimum phase linear
system has UVRD zero from the control input to the output,
has a bounded admissible initial condition, and a bounded
admissible disturbance waveform, then the control input and
the state trajectory are bounded if the output of the system is
bounded. When a minimum phase linear system has UVRD
r1 ∈ IN, has a bounded admissible initial condition, and a
bounded admissible disturbance waveform, if the noiseless
output together with its noiseless derivatives up to k0th (0 ≤
k0 < r1) order are bounded, then the output of a “stable”
system sharing the same inputs as the minimum phase system
is bounded if the relative degrees of the outputs of the “stable”
system satisfy r2 ≥ r1 − k0. These results have significant
implications on model reference control theory.

Index Terms— continuous-time systems, extended zero dy-
namics canonical form, minimum phase, extended zero dy-
namics.

I. INTRODUCTION

The minimum phase property is of paramount importance
in model reference control theory, attracting sustained re-
search attention [2], [3], [4], [5], [6]. In an earlier paper [1],
we generalized the minimum phase concept for multiple-
input and multiple-output (MIMO) LTI systems with addi-
tive disturbance inputs in an attempt to make it necessary for
solvability of the output feedback model reference control
problem. When it is right invertible, then the system can
be dynamically extended to admit uniform vector relative
degree (UVRD). For this extended system, it may be
transformed into the extended zero dynamics canonical
form (EZDCF) representation. Based on this canonical form
representation, the extended zero dynamics (EZD) for the
system can be readout, which is the zero dynamics for the
original system and is simply the zero dynamics as defined
in [3] together with the driving terms, including the output
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and the disturbance input of the system. The original system
is said to be minimum phase with respect to the given set of
admissible initial conditions and the given set of admissible
disturbance waveforms if the EZD is absent or satisfies the
properties that the zero dynamics state is bounded for any
bounded admissible initial condition (for the entire system),
any bounded output waveform, and any bounded admissible
disturbance waveform. In our earlier paper, the relationship
of the generalized concept of minimum phase with that
introduced in [3] and [2] was investigated.

In this paper, we investigate further properties of mini-
mum phase systems using the definition in [1]. We prove
that a composite system consisting of a minimum phase
system in feedback connection with another linear sys-
tem satisfying a certain boundedness condition is itself a
minimum phase system. We further establish the inversion
result for square minimum phase systems as defined in
[1]. When a square minimum phase linear system has
the UVRD r1 = 0 from the control input to the output,
has a bounded admissible initial condition, and a bounded
admissible disturbance waveform, then the control input
and the state trajectory are bounded if the output of the
system is bounded. When a square minimum phase linear
system has UVRD r1 ∈ IN, has a bounded admissible initial
condition, and a bounded admissible disturbance waveform,
if the noiseless output together with its noiseless derivatives
up to k0th (0 ≤ k0 < r1) order are bounded, then the
output of a “stable” linear system sharing the same inputs
as the minimum phase system is bounded if the relative
degrees of the outputs of the “stable” system satisfy r2 ≥
r1−k0. These results have significant implications on model
reference control theory.

The balance of the paper is as follows. In the next
section, we list the notations used in the paper. Then, in
Section III, the minimum phase property of the composite
system is proved for feedback interconnected systems. The
boundedness of the inverse of minimum phase systems is
presented in Section IV. The paper ends with some con-
cluding remarks in Section V, and an appendix containing
some useful technical lemmas necessary for the derivations
in the main body of the paper.

II. NOTATIONS

Let IR denote the real line; IRe := IR ∪ {−∞}∪ {+∞};
IN be the set of natural numbers; Z+ := IN ∪ {0}. Unless
specified, all signals, constants, and matrices are real. For a
continuous function f , we say that it belongs to C. We say
that a function is L∞ if it is bounded. For any matrix A, A′

denotes its transpose. For any z ∈ IRn, |z| denotes
√
z′z.

In denotes the n× n-dimensional identity matrix. For any
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matrix A, A0 = I . For any matrix M , ‖M‖ denotes its 2-
induced norm. 0m×n denotes the m×n-dimensional matrix
whose elements are all zeros. For any waveform u[0,tf ) ∈
C([0, tf ), IRp), where tf ∈ (0,∞] ⊂ IRe and p ∈ Z+,
‖u[0,tf )‖∞ = supt∈[0,tf ) |u(t)|.

III. MINIMUM PHASE PROPERTY FOR FEEDBACK

INTERCONNECTED SYSTEMS

We first present a lemma which establishes the minimum
phase property for MIMO LTI systems in a general canon-
ical form, which arises in interconnected systems.

Lemma 1: Consider a MIMO LTI system

ẋz =Aoxz+Ao1x1+· · ·+Aorxr+Ao r+1b0u+Dow (1a)

ẋi =Aioxz+Ai1x1+· · ·+Aiixi+xi+1+Diw; (1b)

1≤ i<r
ẋr =Aroxz +Ar1x1 + · · ·+Arrxr +B0u+Drw (1c)

y = x1 + Ew (1d)

where xz ∈ IRnz , nz ∈ IN; xi ∈ IRm, i = 1, . . . , r, r ∈ IN;
B0 ∈ IRm×m is invertible; y ∈ IRm is the output, m ∈ IN;
u ∈ IRm is the control input; w ∈ IRq is the disturbance
input, q ∈ Z+; all matrices are of appropriate dimensions

and constant. Let x = [x′z x
′

1 · · · x′r ]′, x(0) = x0 ∈ D0 ⊆
IRn, D0 is a subspace, n = nz + mr ∈ IN; w[0,∞) ∈
Wd of class Bq (See Definition 2 of [5]). Assume that
∃mo ∈ {1, . . . , r+1} such that Aoj = 0nz×m, ∀j ∈ {mo+
1, . . . , r + 1}; and Ajo = 0m×nz

, ∀j ∈ {1, . . . ,mo − 1}.
Then, system (1) is minimum phase with respect to D0 and
Wd and admits UVRD r from u to y if the dynamics (1a)
satisfies ∀cw ≥ 0, ∃cc ≥ 0, ∀x0 ∈ D0 with |x0| ≤ cw,
∀w[0,∞) ∈ Wd with ‖w[0,∞)‖∞ ≤ cw, ∀xi[0,∞) ∈ C
with ‖xi[0,∞)‖∞ ≤ cw, i = 1, . . . ,mo, (xr+1 := b0u for
notational consistency) we have ‖xz[0,∞)‖∞ ≤ cc.

Proof: We will prove the lemma using mathematical
induction on mo.
1◦ mo = 1. Clearly Ao2 = · · · = Ao r+1 = 0nz×m.
Then, it is easy to show that (1) admits UVRD r, and
furthermore, by Proposition 2 of [1], (1a) is the EZD of
(1) according to Definition 1 of [1]. Then, (1) is minimum
phase with respect to D0 and Wd. This proves 1◦.
2◦ Suppose that the lemma holds for mo ≤ k(≤ r).
3◦ Consider the case mo = k + 1 ∈ {2, . . . , r + 1}.

Consider the state transformation x̄ := [ x̄′z x
′

1 · · · x′r ]
′
=

T−1
1 x =

[

x′z − x′kA
′

o k+1 x
′

1 · · · x′r
]′

. Then, in x̄ coordi-
nates, system (1) admits the representation with x̄(0) =
x̄0 :=

[

x̄′z0 x
′

1,0 · · · x′r,0
]′ ∈ D̄0 := T−1

1 (D0), which is a
subspace of IRn,
˙̄xz = Aox̄z +AoAo k+1xk +Ao1x1 + · · ·+Aokxk

+Dow −Ao k+1 (Ak1x1 + · · ·+Akkxk +Dkw)
=:Aox̄z + Āo1x1 + · · ·+ Āokxk + D̄ow (2a)

ẋi = Ai1x1 + · · ·+Aiixi + xi+1 +Diw; (2b)

i = 1, . . . , k
ẋi = Aiox̄z +AioAo k+1xk +Ai1x1 + · · ·+Aiixi

+xi+1 +Diw; i = k + 1, . . . , r (2c)

y = x1 + Ew (2d)

Clearly, the representation (2) is in the form of (1) with
m̄o = k. We will apply the inductive argument to show
that (2) is minimum phase with respect to D̄0 and Wd.
Toward this end, ∀cw ≥ 0, ∀x̄0 ∈ D̄0 with |x̄0| ≤ cw,
∀w[0,∞) ∈ Wd with ‖w[0,∞)‖∞ ≤ cw, ∀xi[0,∞) ∈ C
with ‖xi[0,∞)‖∞ ≤ cw, i = 1, . . . , k. Since x̄0 ∈ D̄0 =

v  

v  

u  

δ  
w  

1
y  1

S  

2
S  

Fig. 1. Block diagram of two feedback interconnected systems.

T−1
1 (D0), then x́0 := [ x́′z0 x́1,0 · · · x́r,0 ] := T1x̄0 ∈ D0

with | x́0 | ≤ ‖T1‖cw. The solution to (2a) may be decom-
posed by linearity as the sum of the following three systems.

η̇1 =Aoη1+Ao1x1+· · ·+Aokxk+Ao k+1(−Ak1x1−· · ·
−Akkxk−Dkw)+Dow; η1(0)= x́z0 (3a)

η̇2 =Aoη2; η2(0) = −Ao k+1x́k,0 (3b)

η̇3 =Aoη3 +AoAo k+1xk; η3(0) = 0(n−r)×1 (3c)

x̄z[0,∞) = η1[0,∞) + η2[0,∞) + η3[0,∞) (3d)

Let x̄k+1 = −Ak1x1 − · · · − Akkxk − Dkw. Then,

x̄k+1[0,∞) ∈ C and ‖x̄k+1[0,∞)‖∞ ≤ (
∑k

i=1 ‖Aki‖)cw +
‖Dk‖cw =: c̄w1cw. For (3a), by the assumption of the
lemma, ∃cc1 ≥ 0, which depends only on ‖T1‖cw, c̄w1cw,
and cw, such that ‖η1[0,∞)‖∞ ≤ cc1.

Under the assumption of the lemma, by Lemma 9 of [5],
the following system is bounded input bounded state (BIBS)

stable: ξ̇ = Aoξ +Ao k+1v, ξ(0) = 0(n−r)×1. For (3b), by
Lemma 3, ∃cc2 ≥ 0, which does not depend on any other
constant, such that ‖η2[0,∞)‖∞ ≤ cc2‖Ao k+1‖|x́k,0| ≤
cc2‖Ao k+1‖cw.

Again by Lemma 3, (3c) is BIBS stable. Then, by
Lemma 6 of [5], ∃cc3 ≥ 0, which does not depend on any
other constant, such that ‖η3[0,∞)‖∞ ≤ cc3cw.

Then, we have ‖x̄z[0,∞)‖∞ ≤ cc1 + cc2‖Ao k+1‖cw +
cc3cw. This shows that (2) satisfies the inductive assump-
tion. Hence, (2) is minimum phase with respect to D̄0 and
Wd and admits UVRD r, which is equivalent to that (1)
is minimum phase with respect to D0 and Wd and admits
UVRD r from u to y.

This completes the induction process and the proof.
Next, we present a theorem that establishes the minimum

phase property for the composite system consisting of two
subsystems in feedback configuration. The block diagram
of the system is shown in Figure 1.

Theorem 1: Consider two LTI systems in feedback:

S1 :

{

ẋ=A1x+B1u+D1,ww +D1,vv; x(0) = x0
y =C1x+K1u+ E1,ww + E1,vv
δ =C1x+K1u

(4a)

S2 :

{

η̇ =A2η +B2δ +D2v; η(0) = η0
w=C2η +K2δ + E2v

(4b)

where x ∈ IRn1 is the state for S1, n1 ∈ Z+; y ∈ IRm1 is
the output of S1, m1 ∈ IN; u ∈ IRm1 is the input for S1; δ ∈
IRm1 is the noiseless output of S1, which is also the input
to S2; w ∈ IRqw is the disturbance input for S1, qw ∈ Z+,
which is also the output of S2; v ∈ IRqv is the disturbance
input for both S1 and S2, qv ∈ Z+; η ∈ IRn2 is the state
for S2, n2 ∈ Z+; x0 ∈ Dx0, Dx0 ⊆ IRn1 is a subspace;
η0 ∈ Dη0, Dη0 ⊆ IRn2 is a subspace; v[0,∞) ∈ Wd of
class Bqv ; and all matrices are constant and of appropriate
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TABLE I

6 EXHAUSTIVE AND MUTUALLY EXCLUSIVE CASES FOR THEOREM 1.

Case 1: 0 = r1 < n1/m1 and n2 ∈ Z+

Case 2: 1 = r1 = n1/m1 and n2 ∈ Z+

Case 3: 2 ≤ r1 = n1/m1 and n2 ∈ Z+

Case 4: 1 = r1 < n1/m1 and n2 ∈ Z+

Case 5: 2 ≤ r1 < n1/m1 and n2 ∈ Z+

Case 6: 0 = r1 = n1/m1 and n2 ∈ Z+

dimensions.
The composite system S has control input u, output y,

and disturbance v. Assume that

1) S1 admits UVRD r1 ∈ {0, . . . , ⌊ n1

m1

⌋} from u to
y and is minimum phase with respect to Dx0 and
C([0,∞), IRqw)×Wd, where w and v are considered
as disturbances;

2) Ê1,w := Im1
+ E1,wK2 is invertible, such that S

admits a well defined UVRD; and
3) the following associated system of S2, S̄2,







ψ̇ = (A2 −B2Ê
−1
1,wE1,wC2)ψ +B2τ +D2v

=: Ā2ψ +B2τ +D2v; ψ(0) = η0 ∈ Dη0

φ = τ

(5)

with control input τ and disturbance v and output
φ ∈ IRm1 is minimum phase with respect to Dη0 and
Wd.

Then, the composite system S admits UVRD r1 from u
to y and is minimum phase with respect to Dx0 ×Dη0 and
Wd.

Proof: Note that

y = δ + E1,w (C2η +K2δ + E2v) + E1,vv
= (Im1

+ E1,wK2)δ + E1,wC2η + (E1,v + E1,wE2)v

=: Ê1,wδ + E1,wC2η + Ê1,vv (6)

We will distinguish 6 exhaustive and mutually exclusive
cases, which are listed in Table I.

Case 1: 0 = r1 <
n1

m1

and n2 ∈ Z+. By Lemma 4 of [1],
without loss of generality, assume that S1 is given in the
following EZDCF representation, K1 being invertible,

ẋ = Ā1x+ B̄1 (y − E1,ww − E1,vv) +D1,ww +D1,vv

=: Ā1x+ B̄1y + D̄1,ww + D̄1,vv; x(0) = x0
y = δ + E1,ww + E1,vv
δ = C1x+K1u

Note that, by (6),

δ = Ê−1
1,w (y − E1,wC2η − Ê1,vv)

w=C2η +K2δ + E2v =: C̄2η +K2Ê
−1
1,wy + Ē2v

Then, the composite system S admits the following repre-

sentation, in ξ = [x′ η′ ]
′

coordinates,

ẋ = Ā1x+ B̄1y + D̄1,w (C̄2η +K2Ê
−1
1,wy + Ē2v)+D̄1,vv

=: Ā1x+ Â12η + B̂1 (y − Ê1,vv) + D̂1,vv (7a)

η̇ = A2η +B2Ê
−1
1,w (y − E1,wC2η + Ê1,vv) +D2v

= Ā2η +B2Ê
−1
1,w(y − Ê1,vv) +D2v (7b)

y = Ê1,wC1x+ E1,wC2η + Ê1,wK1u+ Ê1,vv (7c)

Clearly, (7) is in the EZDCF (14) of [1] with (7a) and (7b)

as its EZD, since Ê1,wK1 is invertible. Hence, S admits

UVRD 0 = r1 from u to y. ∀cw ≥ 0, ∀ [x′0 η′0 ]
′ ∈

Dx0 × Dη0 with | [x′0 η′0 ]′ | ≤ cw, ∀v[0,∞) ∈ Wd with
‖v[0,∞)‖∞ ≤ cw, ∀y[0,∞) ∈ C with ‖y[0,∞)‖∞ ≤ cw,
let x[0,∞) and η[0,∞) be the solution to (7a) and (7b). Let

τ = Ê−1
1,w(y − Ê1,vv). Then, τ[0,∞) ∈ C with ‖τ[0,∞)‖∞ ≤

(‖Ê−1
1,w‖ + ‖Ê−1

1,wÊ1,v‖)cw =: cw1. By the assumption on

the system S̄2, ∃cc1 ≥ 0, which depends only on cw and
cw1, such that ‖η[0,∞)‖∞ ≤ cc1. Note that w[0,∞) ∈ C
with ‖w[0,∞)‖∞ ≤ ‖C̄2‖cc1 + ‖K2Ê

−1
1,w‖cw + ‖Ē2‖cw =:

cw2. Since S1 is minimum phase with respect to Dx0 and
C([0,∞), IRqw)×Wd, ∃cc2 ≥ 0, which depends only of cw
and cw2, such that ‖x[0,∞)‖∞ ≤ cc2. Then, ‖ξ[0,∞)‖∞ ≤
√

c2c1 + c2c2. Hence, (7) is minimum phase with respect to
Dx0 ×Dη0 and Wd. This proves Case 1.

Case 2: 1 = r1 = n1

m1

and n2 ∈ Z+. By Lemma 3 of [1],
without loss of generality, assume that S1 is given in the
following EZDCF representation, B1 being invertible,

ẋ1 =A1,11x1 +B1u+D1,1ww +D1,1vv
δ = x1; y = x1 + E1,ww + E1,vv

where x = x1 ∈ IRm1 ; x(0) = x1,0 ∈ Dx0 ⊆ IRm1 . Note
that, by (6),

y = Ê1,wx1 + E1,wC2η + Ê1,vv =: x̄1 + Ê1,vv

The system S admits the following representation, in ξ =
[η′ x̄′1 ]

′
= T−1

1 [x′ η′ ]
′

coordinates with ξ(0) = ξ0 :=
[

η′0 x̄
′

1,0

]′ ∈ D̄0 := T−1
1 (Dx0 ×Dη0),

η̇ = A2η +B2x1 +D2v = Ā2η +B2Ê
−1
1,wx̄1 +D2v

= Ā2η + B̄2x̄1 +D2v (8a)
˙̄x1 = E1,wC2 (Ā2η + B̄2x̄1 +D2v) + Ê1,w (A1,11x1

+B1u+D1,1w (C2η +K2x1 + E2v) +D1,1vv)

=: Ā1,1ηη + Ā1,11x̄1 + Ê1,wB1u+ D̄1,1vv (8b)

y = x̄1 + Ê1,vv (8c)

We will further distinguish two exhaustive and mutually
exclusive subcases: Case 2a: n2 ∈ IN; Case 2b: n2 = 0.

Case 2a: n2 ∈ IN. Clearly, (8) is in EZDCF (11) of [1],

and admits UVRD 1 = r1 from u to y, since Ê1,wB1 is
invertible. Note that (8) is in the form of (1) with mo = 1.

∀cw ≥ 0, ∀(η0, x̄1,0) ∈ D̄0 with |(η0, x̄1,0)| ≤ cw,
∀v[0,∞) ∈ Wd with ‖v[0,∞)‖∞ ≤ cw, ∀x̄1[0,∞) ∈ C with
‖x̄1[0,∞)‖∞ ≤ cw, let η[0,∞) be the solution to (8a). We

have η0 ∈ Dη0 and |η0| ≤ cw. Let τ = Ê−1
1,wx̄1. Then,

τ[0,∞) ∈ C with ‖τ[0,∞)‖∞ ≤ ‖Ê−1
1,w‖cw =: cw1. By the

assumption on the system S̄2, ∃cc1 ≥ 0, which depends
only on cw and cw1, such that ‖η[0,∞)‖∞ ≤ cc1. Hence, (8)

is minimum phase with respect to D̄0 and Wd by Lemma 1.
This completes the proof for Case 2a.

Case 2b: n2 = 0. (8) is in the EZDCF (13) of [1]. Then,
(8) is minimum phase with respect to D̄0 and Wd since its
EZD is absent. This proves Case 2b and Case 2.

Case 3: 2 ≤ r1 = n1

m1

and n2 ∈ Z+. By Lemma 3 of [1],
without loss of generality, assume that S1 is given in the
following EZDCF representation, B1 being invertible,

ẋi =A1,i1x1 + xi+1 +D1,iww +D1,ivv; 1 ≤ i < r1
ẋr1 =A1,r11x1 +B1u+D1,r1ww +D1,r1vv
δ= x1; y = x1 + E1,ww + E1,vv

where x = [x′1 · · · x′r1 ]
′
; xi ∈ IRm1 , i = 1, . . . , r1; x(0) =

x0 :=
[

x′1,0 · · · x′r1,0
]′ ∈ Dx0. Note that, by (6),

y= Ê1,wx1 + E1,wC2η + Ê1,vv =: x̄1 + Ê1,vv

Define x̄i = Ê1,wxi, i = 2, . . . , r1. Then, S ad-

mits the following representation, in ξ = [η′ x̄′1 · · · x̄′r1 ]
′

= T−1
1 [x′ η′ ]

′
coordinates with

[

η′0 x̄
′

1,0 · · · x̄′r1,0
]′

=
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ξ(0) = ξ0 ∈ D̄0 := T−1
1 (Dx0 ×Dη0),

η̇ = A2η +B2x1 +D2v = Ā2η +B2Ê
−1
1,wx̄1 +D2v

= Ā2η + B̄2x̄1 +D2v (9a)
˙̄x1 = E1,wC2 (Ā2η + B̄2x̄1 +D2v) + Ê1,w (A1,11x1

+x2 +D1,1w (C2η +K2x1 + E2v) +D1,1vv)
=: Ā1,1ηη + Ā1,11x̄1 + x̄2 + D̄1,1vv (9b)

˙̄xi = Ê1,w (A1,i1x1 + xi+1 +D1,iw (C2η +K2x1
+E2v) +D1,ivv); i = 2, . . . , r1 − 1

=: Ā1,iηη + Ā1,i1x̄1 + x̄i+1 + D̄1,ivv; (9c)

˙̄xr1 = Ê1,w (A1,r11x1 +B1u+D1,r1w (C2η +K2x1
+E2v) +D1,r1vv)

=: Ā1,r1ηη + Ā1,r11x̄1 + Ê1,wB1u+ D̄1,r1vv (9d)

y = x̄1 + Ê1,vv (9e)

We will further distinguish two exhaustive and mutually
exclusive subcases: Case 3a: n2 ∈ IN; Case 3b: n2 = 0.

Case 3a: n2 ∈ IN. Clearly, (9) is in form (1) with

mo = 1, and admits UVRD r1 from u to y, since Ê1,wB1

is invertible. We will apply Lemma 1 to prove this subcase.
∀cw ≥ 0, ∀ξ0 ∈ D̄0 with |ξ0| ≤ cw, ∀v[0,∞) ∈ Wd with
‖v[0,∞)‖∞ ≤ cw, ∀x̄1[0,∞) ∈ C with ‖x̄1[0,∞)‖∞ ≤ cw,
let η[0,∞) be the solution to (9a). We have η0 ∈ Dη0 and

|η0| ≤ cw. Let τ = Ê−1
1,wx̄1. Note that τ[0,∞) ∈ C with

‖τ[0,∞)‖∞ ≤ ‖Ê−1
1,w‖cw =: cw1. By the assumption on S̄2,

∃cc1 ≥ 0, which depends only on cw and cw1, such that
‖η[0,∞)‖∞ ≤ cc1. Hence, by Lemma 1, (9) is minimum

phase with respect to D̄0 and Wd. This proves Case 3a.
Case 3b: n2 = 0. (9) is in the EZDCF (13) of [1]. Then,

(9) is minimum phase with respect to D̄0 and Wd since its
EZD is absent. This proves Case 3b and Case 3.

Case 4: 1 = r1 <
n1

m1

and n2 ∈ Z+. By Lemma 2 of [1],
without loss of generality, assume that S1 is given in the
following EZDCF representation, B1 being invertible,

ẋz =A1,zxz +A1,z1x1 +D1,zww +D1,zvv
ẋ1 =A1,1zxz +A1,11x1 +B1u+D1,1ww +D1,1vv
δ= x1; y = x1 + E1,ww + E1,vv

where x = [x′z x
′

1 ]
′
; xz ∈ IRnz1 , nz1 = n1 − r1m1; x1 ∈

IRm1 ; and x(0) = x0 :=
[

x′z0 x
′

1,0

]′ ∈ Dx0. Note that, by

(6), y = Ê1,wx1 + E1,wC2η + Ê1,vv =: x̄1 + Ê1,vv. The
composite system S admits the following representation, in

ξ = [x′z η
′ x̄′1 ]

′
=: T−1

1 [x′ η′ ]
′

coordinates with ξ(0) =

ξ0 =
[

x′z0 η
′

0 x̄
′

1,0

]′ ∈ D̄0 := T−1
1 (Dx0 ×Dη0),

ẋz = A1,zxz +A1,z1Ê
−1
1,w (x̄1 − E1,wC2η) +D1,zw (C2η

+K2x1 + E2v) +D1,zvv

=: Ā1,ηη +A1,zxz + Ā1,z1x̄1 + D̄1,zvv (10a)

η̇ = A2η +B2x1 +D2v= Ā2η +B2Ê
−1
1,wx̄1+D2v (10b)

˙̄x1 = E1,wC2(Ā2η+B2Ê
−1
1,wx̄1+D2v)+Ê1,w(A1,1zxz+

A1,11x1+B1u+D1,1w(C2η+K2x1+E2v)+D1,1vv)

=: Ā1,1zxz+Ā1,1ηη+Ā1,11x̄1+Ê1,wb1u+D̄1,1vv (10c)

y = x̄1 + Ê1,vv (10d)

Clearly, (10) is in the EZDCF (11) of [1], and admits UVRD

1 = r1 from u to y, since Ê1,wB1 being invertible. Note
that (10) is also in the form (1) with mo = 1.
∀cw ≥ 0, ∀ξ0 ∈ D̄0 with |ξ0| ≤ cw, ∀v[0,∞) ∈ Wd with

‖v[0,∞)‖∞ ≤ cw, ∀x̄1[0,∞) ∈ C with ‖x̄1[0,∞)‖∞ ≤ cw,
let xz[0,∞) and η[0,∞) be the solution to (10a) and (10b).

Then, T1ξ0 ∈ Dx0 ×Dη0, (xz0, Ê
−1
1,w(x̄1,0 −E1,wC2η0)) ∈

Dx0 with | (xz0, Ê−1
1,w(x̄1,0 − E1,wC2η0)) | ≤ c1cw, where

c1 :=
∥

∥

∥

[

Inz1
0nz1×n2

0nz1×m1

0m1×nz1
Ê−1

1,wE1,wC2 Ê−1
1,w

]

∥

∥

∥
, and η0 ∈ Dη0

with |η0| ≤ cw. Let τ = Ê−1
1,wx̄1. Note that τ[0,∞) ∈ C

with ‖τ[0,∞)‖∞ ≤ ‖Ê−1
1,w‖cw =: cw1. By the assumption

on S̄2, ∃cc1 ≥ 0, which depends only on cw and cw1,
such that ‖η[0,∞)‖∞ ≤ cc1. Note that x1[0,∞) ∈ C
with ‖x1[0,∞)‖∞ = ‖Ê−1

1,w (x̄1[0,∞) − E1,wC2η[0,∞))‖∞ ≤
‖Ê−1

1,w‖cw + ‖Ê−1
1,wE1,wC2‖cc1 =: cw2; and w[0,∞) ∈ C

with ‖w[0,∞)‖∞ = ‖C2η[0,∞)+K2x1[0,∞)+E2v[0,∞)‖∞ ≤
‖C2‖cc1+‖K2‖cw2+‖E2‖cw =: cw3; and y[0,∞) ∈ C with

‖y[0,∞)‖∞ = ‖x̄1[0,∞)+Ê1,vv[0,∞)‖∞ ≤ cw+‖Ê1,v‖cw =:
cw4. Since S1 is minimum phase with respect to Dx0 and
C([0,∞), IRqw)×Wd, then, by Definition 1 of [1], ∃cc2 ≥ 0,
which depends only on c1cw, cw4, cw3, and cw, such that

‖xz[0,∞)‖∞ ≤ cc2. Then, ‖ξz[0,∞)‖∞ ≤
√

c2c1 + c2c2, where

ξz = [x′z η
′ ]
′
. Hence, (10) is minimum phase with respect

to D̄0 and Wd by Lemma 1. This proves Case 4.

Case 5: 2 ≤ r1 <
n1

m1

and n2 ∈ Z+. By Lemma 2 of [1],
without loss of generality, assume that S1 is given in the
following EZDCF representation, B1 being invertible,

ẋz =A1,zxz +A1,z1x1 +D1,zww +D1,zvv
ẋi =A1,i1x1 + xi+1 +D1,iww +D1,ivv; 1 ≤ i < r1
ẋr1 =A1,r1zxz +A1,r11x1 +B1u+D1,r1ww +D1,r1vv
δ = x1; y = x1 + E1,ww + E1,vv

where x = [x′z x
′

1 · · · x′r1 ]
′
; xz ∈ IRnz1 , nz1 = n1 −

m1r1; xi ∈ IRm1 , i = 1, . . . , r1; and x(0) = x0 =
[

x′z0 x
′

1,0 · · · x′r1,0
]′ ∈ Dx0. Note that, by (6),

y = Ê1,wx1 + E1,wC2η + Ê1,vv =: x̄1 + Ê1,vv

Define x̄i = Ê1,wxi, i = 2, . . . , r1. The composite
system S admits the following representation, in ξ =
[x′z η

′ x̄′1 · · · x̄′r1 ]
′
= T−1

1 [x′ η′ ]
′

coordinates with ξ(0) =

ξ0 :=
[

x′z0 η
′

0 x̄
′

1,0 · · · x̄′r1,0
]′ ∈ D̄0 := T−1

1 (Dx0 ×Dη0),

ẋz = A1,zxz +A1,z1Ê
−1
1,w (x̄1 − E1,wC2η) +D1,zw (C2η

+K2x1 + E2v) +D1,zvv

=:A1,zxz + Ā1,ηη + Ā1,z1x̄1 + D̄1,zvv (11a)

η̇ = A2η +B2x1 +D2v= Ā2η+B2Ê
−1
1,w x̄1+D2v (11b)

˙̄x1 = E1,wC2 (Ā2η +B2Ê
−1
1,wx̄1 +D2v) + Ê1,w (A1,11x1

+x2 +D1,1w (C2η +K2x1 + E2v) +D1,1vv)
=: Ā1,1ηη + Ā1,11x̄1 + x̄2 + D̄1,1vv (11c)

˙̄xi = Ê1,w(A1,i1x1+xi+1+D1,ivv+D1,iw(C2η+K2x1+
E2v))=:Ā1,iηη+Ā1,i1x̄1+x̄i+1+D̄1,ivv; 2≤ i<r1(11d)

˙̄xr1= Ê1,w (A1,r1zxz +A1,r11x1 +B1u+D1,r1w (C2η

+K2x1 + E2v) +D1,r1vv) =: Ā1,r1zxz + Ā1,r1ηη

+Ā1,r11x̄1 + Ê1,wB1u+ D̄1,r1vv (11e)

y = x̄1 + Ê1,vv (11f)

Clearly, (11) is in the form (1) with mo = 1, and admits

UVRD r1 from u to y, since Ê1,wb1 is invertible.

We will apply Lemma 1 to prove that (11) is minimum
phase with respect to D̄0 and Wd. ∀cw ≥ 0, ∀ξ0 ∈ D̄0

with |ξ0| ≤ cw, ∀v[0,∞) ∈ Wd with ‖v[0,∞)‖∞ ≤ cw,
∀x̄1[0,∞) ∈ C with ‖x̄1[0,∞)‖∞ ≤ cw, let xz[0,∞) and
η[0,∞) be the solution to (11a) and (11b). Then, T1ξ0 ∈
Dx0×Dη0, η0 ∈ Dη0 with |η0| ≤ cw, and (xz0, Ê

−1
1,w(x̄1,0−

E1,wC2η0), Ê
−1
1,wx̄2,0, . . . , Ê

−1
1,wx̄r1,0) =: T1xξ0 ∈ Dx0
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with |T1xξ0 | ≤ ‖T1x‖cw =: c1cw. Let τ = Ê−1
1,wx̄1. Note

that τ[0,∞) ∈ C with ‖τ[0,∞)‖∞ ≤ ‖Ê−1
1,w‖cw =: cw1. By

the assumption on S̄2, ∃cc1 ≥ 0, which depends only on cw
and cw1, such that ‖η[0,∞)‖∞ ≤ cc1. Note that x1[0,∞) ∈ C
with ‖x1[0,∞)‖∞ = ‖Ê−1

1,w (x̄1[0,∞) − E1,wC2η[0,∞))‖∞ ≤
‖Ê−1

1,w‖cw + ‖Ê−1
1,wE1,wC2‖cc1 =: cw2; and w[0,∞) ∈ C

with ‖w[0,∞)‖∞ = ‖C2η[0,∞)+K2x1[0,∞)+E2v[0,∞)‖∞ ≤
‖C2‖cc1+‖K2‖·cw2+‖E2‖cw =: cw3; and y[0,∞) ∈ C with

‖y[0,∞)‖∞ = ‖x̄1[0,∞)+Ê1,vv[0,∞)‖∞ ≤ cw+‖Ê1,v‖cw =:
cw4. Since S1 is minimum phase with respect to Dx0 and
C([0,∞), IRqw)×Wd, then, by Definition 1 of [1], ∃cc2 ≥ 0,
which depends only on c1cw, cw4, cw3, and cw, such that

‖xz[0,∞)‖∞ ≤ cc2. Then, ‖ξz[0,∞)‖∞ ≤
√

c2c1 + c2c2, where

ξz = [x′z η
′ ]
′
. Hence, (11) is minimum phase with respect

to D̄0 and Wd by Lemma 1. This proves Case 5.
Case 6: 0 = r1 = n1

m1

and n2 ∈ Z+. By Definition 2 of
[1], without loss of generality, assume that the system S1

is given in the following EZDCF representation, K1 being
invertible,

S1 : y = K1u+ E1,ww + E1,vv; δ = K1u

By (6), we have

y=E1,wC2η + Ê1,wK1u+ Ê1,vv

δ =K1u = Ê−1
1,w (y − E1,wC2η − Ê1,vv)

Then, the composite system S admits the EZDCF:

η̇ =A2η +B2Ê
−1
1,w (y − E1,wC2η − Ê1,vv) +D2v

= Ā2η +B2Ê
−1
1,w(y − Ê1,vv) +D2v (12a)

y=E1,wC2η + Ê1,wK1u+ Ê1,vv (12b)

Clearly, (12) admits UVRD 0 = r1 from u to y, since

Ê1,wK1 is invertible. If n2 = 0, then (12) is minimum

phase with respect to IR0 = Dx0 × Dη0 and Wd since its
EZD is absent. If n2 ∈ IN, then (12) is in the form of (14) of
[1] with (12a) defining its EZD. ∀cw ≥ 0, ∀η0 ∈ Dη0 with
|η0| ≤ cw, ∀v[0,∞) ∈ Wd with ‖v[0,∞)‖∞ ≤ cw, ∀y[0,∞) ∈
C with ‖y[0,∞)‖∞ ≤ cw, let η[0,∞) be the solution to (12a).

Let τ = Ê−1
1,w (y − Ê1,vv). Note that τ[0,∞) ∈ C with

‖τ[0,∞)‖∞ ≤ ‖Ê−1
1,w‖cw + ‖Ê−1

1,wÊ1,v‖cw =: cw1. By the

assumption on S̄2, ∃cc ≥ 0, which depends only on cw and
cw1, such that ‖η[0,∞)‖∞ ≤ cc. Hence, S is minimum phase
with respect to Dη0 = Dx0 ×Dη0 and Wd by Definition 1
of [1]. This proves Case 6.

This completes the proof of the theorem.

IV. BOUNDING LEMMAS ON THE INVERSION OF

MINIMUM PHASE SYSTEMS

In this section, we present results on boundedness of the
inverse of minimum phase systems. First, we present a result
for a square MIMO LTI system with UVRD zero.

Proposition 1: Consider a square MIMO LTI system:

ẋ=Ax+Bu+Dww +Dvv; x(0) = x0 (13a)

y =Cx+Ku+ Eww + Evv (13b)

where x ∈ IRn is the state vector, n ∈ Z+; u ∈ IRm is the
control input, m ∈ IN; y ∈ IRm is the output; w ∈ IRqw is
the disturbance input, qw ∈ Z+; v ∈ IRqv is the disturbance
input, qv ∈ Z+; x0 ∈ D0 ⊆ IRn, D0 is a subspace; v[0,∞) ∈
Wd of class Bqv ; and all matrices are constant.

Assume (13) admits UVRD 0 from u to y and is mini-
mum phase with respect to D0 and C([0,∞), IRqw )×Wd,
where w and v are viewed as disturbances. Then, ∀cw ≥ 0,

∃cc ≥ 0, ∀x0 ∈ D0 with |x0| ≤ cw; ∀v[0,∞) ∈ Wd

with ‖v[0,∞)‖∞ ≤ cw, ∀tf ∈ (0,∞] ⊂ IRe, ∀u[0,tf ) ∈ C,

∀w[0,tf ) ∈ C with ‖w[0,tf )‖∞ ≤ cw; let x[0,tf ) and y[0,tf )
be the solution to (13); if ‖y[0,tf )‖∞ ≤ cw, we have
‖x[0,tf )‖∞ ≤ cc; and ‖u[0,tf)‖∞ ≤ cc.

Proof: We will distinguish 2 exhaustive and mutually
exclusive cases: Case 1: n = 0; Case 2: n ∈ IN.

Case 1: n = 0. By Definition 2 of [1], (13) admits the
following EZDCF, K being invertible, y = Ku + Eww +
Evv. Then, we have u = K−1 (y−Eww−Evv). Clearly, the
desired result holds with cc := ‖K−1‖cw+‖K−1Ew‖cw+
‖K−1Ev‖cw. This proves Case 1.

Case 2: n ∈ IN. By Lemma 4 of [1], without loss
of generality, assume that (13) is given in the following
EZDCF, B0 being invertible,

ẋ= Āx+ B̄(y − Eww − Evv) +Dww +Dvv (14a)

y=Cx+B0u+ Eww + Evv (14b)

∀cw ≥ 0, ∀x0 ∈ D0 with |x0| ≤ cw, ∀v[0,∞) ∈ Wd

with ‖v[0,∞)‖∞ ≤ cw, ∀tf ∈ (0,∞] ⊂ IRe, ∀u[0,tf ) ∈ C,
∀w[0,tf ) ∈ C with ‖w[0,tf )‖∞ ≤ cw; let x[0,tf ) and y[0,tf )
be the solution to (14); and let ‖y[0,tf)‖∞ ≤ cw. Since (13)

is minimum phase with respect to D0 and C([0,∞), IRqw )×
Wd, by Definition 1 of [1] and Lemma 4, then, ∃cc1 ≥ 0,
which depends only on cw, we have ‖x[0,tf )‖∞ ≤ cc1. Note

that u = B−1
0 (y−Cx−Eww−Evv). Then, ‖u[0,tf)‖∞ ≤

‖B−1
0 ‖cw + ‖B−1

0 C‖cc1 + ‖B−1
0 Ew‖cw + ‖B−1

0 Ev‖cw =:
cc2. This proves Case 2.

This completes the proof of the proposition.
Next, we present results for systems with positive

UVRDs. First, we present a technical lemma.
Lemma 2: Consider the following chain of integrators:

ẋi = xi+1 +Diww +Divv; i = 1, . . . , r1 − 1 (15a)

ẋr1 =B1u+Dr1ww +Dr1vv (15b)

where xi ∈ IRm, i = 1, . . . , r1, r1 ∈ IN, m ∈ IN; w ∈
IRqw is the disturbance input, qw ∈ Z+; v ∈ IRqv is the
disturbance input, qv ∈ Z+; u ∈ IRm is the control input;

B1 is invertible; x = [x′1 · · · x′r1 ]
′
; x(0) = x0 ∈ IRr1m;

v[0,∞) ∈ Wd of class Bqv ; and Diw and Div, i = 1, . . . , r1,
are constant matrices. Consider another LTI system, Sη ,
sharing the same set of inputs as (15):

η̇=Aη +Bu+Dww +Dvv; η(0) = η0 (16a)

y=Cη (16b)

where η ∈ IRn2 is the state, n2 ∈ IN; y ∈ IRm2 is the
output; u, w, and v are as (15); η0 ∈ D0 ⊆ IRn2 , D0 is a
subspace. Assume all outputs of Sη has relative degree at
least r1 from u and satisfies: ∀cw ≥ 0, ∃cc1 ≥ 0, ∀η0 ∈
D0 with |η0| ≤ cw, ∀u[0,∞) ∈ C with ‖u[0,∞)‖∞ ≤ cw,
∀w[0,∞) ∈ C with ‖w[0,∞)‖∞ ≤ cw, ∀v[0,∞) ∈ Wd with
‖v[0,∞)‖∞ ≤ cw, we have ‖η[0,∞)‖∞ ≤ cc1.

Then, ∀cw ≥ 0, ∃cc2 ≥ 0, ∀x0 ∈ IRr1m with |x0| ≤ cw,
∀η0 ∈ D0 with |η0| ≤ cw, ∀tf ∈ (0,∞] ⊂ IRe, ∀u[0,tf ) ∈
C, ∀w[0,tf ) ∈ C with ‖w[0,tf )‖∞ ≤ cw, ∀v[0,∞) ∈ Wd with
‖v[0,∞)‖∞ ≤ cw. Let η[0,tf ) and y[0,tf) be the solutions to
(16), and x[0,tf ) be the solution to (15). If ‖x1[0,tf )‖∞ ≤
cw, then ‖y[0,tf)‖∞ ≤ cc2.

Proof: ∀cw ≥ 0, ∀x0 ∈ IRr1m with |x0| ≤ cw, ∀η0 ∈
D0 with |η0| ≤ cw, ∀tf ∈ (0,∞] ⊂ IRe, ∀u[0,tf ) ∈ C,

∀w[0,tf ) ∈ C with ‖w[0,tf )‖∞ ≤ cw, ∀v[0,∞) ∈ Wd with
cw ≥ ‖v[0,∞)‖∞. Let η[0,tf ) and y[0,tf) be the solutions to
(16), and x[0,tf ) be the solution to (15). Let ‖x1[0,tf )‖∞ ≤
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cw.
Let z := η −

∑r1
k=1 A

r1−kBB−1
1 xk : [0, tf ) → IRn2 .

Then, z satisfies the following state space equation:

ż =Az−BB−1
1 (Dr1ww+Dr1vv)+A

r1BB−1
1 x1+Dvv

+Dww −
∑r1−1

k=1
Ar1−kBB−1

1 (Dkww+Dkvv)

z(0) = η0 −
∑r1

k=1
Ar1−kBB−1

1 xk,0

where x0 =
[

x′1,0 · · · x′r1,0
]′

; xi,0 ∈ IRm, i = 1, . . . , r1.
Then, by the linearity and uniqueness of solution to linear
differential equations, z[0,tf ) may be generated by

ξ̇1 =Aξ1 −BB−1
1 (Dr1ww +Dr1vv) +Dww +Dvv;

ξ1(0) = η0
δ̇i =Aδi; δi(0) = −AiBB−1

1 xr1−i,0; i = 0, . . . , r1 − 1

ζ̇i =Aζi −AiBB−1
1 (Dr1−i ww +Dr1−i vv);

ζi(0) = 0n2×1; i = 1, . . . , r1 − 1

ζ̇r1 =Aζr1 +Ar1BB−1
1 x1; ζr1(0) = 0n2×1

z[0,tf ) = ξ1[0,tf ) +
∑r1−1

i=0
δi[0,tf ) +

∑r1

i=1
ζi[0,tf )

Let ū[0,tf ) := −B−1
1 (Dr1ww[0,tf )+Dr1vv[0,tf )). Note that

η0 ∈ D0 and |η0| ≤ cw; ū[0,tf) ∈ C with ‖ū[0,tf )‖∞ ≤
‖B−1

1 Dr1w‖cw + ‖B−1
1 Dr1v‖cw =: cw1; w[0,tf ) ∈ C with

‖w[0,tf )‖∞ ≤ cw; and v[0,∞) ∈ Wd with ‖v[0,∞)‖∞ ≤ cw.
By the assumption on Sη and Lemma 4, ∃cca ≥ 0, which
depends only on cw and cw1, such that ‖ξ1[0,tf )‖∞ ≤ cca.

By the assumption on Sη and Lemma 9 of [5], we have
that the following dynamics κ̇1 = Aκ1 + Bρ, κ1(0) =
0n2×1, is BIBS stable. By repeated application of Lemma 3,
we have that the following dynamics

κ̇i = Aκi +Ai−1Bρ; κi(0) = 0n×1; i = 2, . . . , r1 + 1
are BIBS stable. Fix any i = 1, . . . , r1 − 1. Let ρi :=
−B−1

1 · (Dr1−i ww + Dr1−i vv) : [0, tf) → IRm. Then,

ρi[0,tf ) ∈ C and ‖ρi[0,tf )‖∞ ≤ ‖B−1
1 Dr1−i w‖cw +

‖B−1
1 Dr1−i v‖cw =: cwAicw. Since κi+1 dynamics is BIBS

stable, then, ζi dynamics is BIBS stable. By Lemma 6
of [5], ∃cAi ≥ 0, which depends only on A and AiB,
such that ‖ζi[0,tf )‖∞ ≤ cAicwAicw. Since κr1+1 dynamics
is BIBS stable, then, ζr1 dynamics is BIBS stable. Let
ρr1 := B−1

1 x1. Then ρr1[0,tf ) ∈ C and ‖ρr1[0,tf )‖∞ ≤
‖B−1

1 ‖cw =: cwAr1cw. Then, by Lemma 6 of [5],
∃cAr1 ≥ 0, which depends only on A and Ar1B, such that
‖ζr1[0,tf )‖∞ ≤ cAr1cwAr1cw.
∀i = 0, . . . , r1 − 1. Since κi+1 system is BIBS stable,

by Lemma 3, note that
∣

∣−B−1
1 xr1−i,0

∣

∣ ≤ ‖B−1
1 ‖cw =

cwAr1cw, then, ∃cBi ≥ 0, which depends only on A and
AiB, such that ‖δi[0,tf )‖∞ ≤ cBicwAr1cw.

Hence, we have ‖z[0,tf)‖∞ ≤ cca+
∑r1−1

i=0 cBicwAr1cw+
∑r1

i=1 cAicwAicw =: cc1.

Note that y = Cz +
∑r1

k=1 CA
r1−kBB−1

1 xk = Cz +
CAr1−1BB−1

1 x1 since y has relative degree at least r1 from

u. Hence, ‖y[0,tf)‖∞ ≤ ‖C‖cc1 + ‖CAr1−1BB−1
1 ‖cw =:

cc2.
This completes the proof of the lemma.
Proposition 2: Consider two LTI systems sharing the

same inputs:

S1 :

{

ẋ=A1x+B1u+D1,ww +D1,vv; x(0) = x0
y1 =C1x+ E1,ww + E1,vv

(17)

S2 :

{

η̇ =A2η +B2u+D2,ww +D2,vv; η(0) = η0
y2 =C2η

(18)

where x ∈ IRn1 is the state of S1, n1 ∈ IN; u ∈ IRm is
the control input, m ∈ IN; y1 ∈ IRm is the output of S1;
w ∈ IRqw is the disturbance input, qw ∈ Z+; v ∈ IRqv is
the disturbance input, qv ∈ Z+; η ∈ IRn2 is the state of S2,
n2 ∈ IN; y2 ∈ IRm2 is the output of S2; x0 ∈ Dx0 ⊆ IRn1 ,
Dx0 is a subspace; η0 ∈ Dη0 ⊆ IRn2 , Dη0 is a subspace;
v[0,∞) ∈ Wd of class Bqv ; and all matrices are constant.

Assume that

(i) S1 admits UVRD r1 from u to y1, 1 ≤ r1 ≤
n1

m
, and is minimum phase with respect to Dx0 and

C([0,∞), IRqw) × Wd, where w and v are viewed as
disturbance inputs;

(ii) S2 satisfies that ∀cw ≥ 0, ∃cc1 ≥ 0, ∀η0 ∈ Dη0

with |η0| ≤ cw, ∀u[0,∞) ∈ C with ‖u[0,∞)‖∞ ≤ cw,
∀w[0,∞) ∈ C with ‖w[0,∞)‖∞ ≤ cw, ∀v[0,∞) ∈ Wd

with ‖v[0,∞)‖∞ ≤ cw, we have ‖η[0,∞)‖∞ ≤ cc1; and
(iii) y2 has relative degree at least r2 ∈ IN from u, i. e.,

C2B2 = · · · = C2A
r2−2
2 B2 = 0m2×m.

By Lemmas 2 and 3 of [1], without loss of generality,
assume that S1 is given in the EZDCF: Case 1: mr1 = n1

ẋi =A1,i1x1+xi+1+D1,iww+D1,ivv; 1≤ i<r1 (19a)

ẋr1 =A1,r11x1 +B1u+D1,r1ww +D1,r1vv (19b)

y1 = x1 + E1,ww + E1,vv (19c)

where x = [x′1 · · · x′r1 ]
′
; xi ∈ IRm, i = 1, . . . , r1; x(0) =

x0 =
[

x′1,0 · · · x′r1,0
]′ ∈ Dx0; and B1 is invertible; Case 2:

mr1 < n1

ẋz =A1,zxz +A1,z1x1 +D1,zww +D1,zvv (20a)

ẋi =A1,i1x1 + xi+1 +D1,iww +D1,ivv; 1≤ i<r1 (20b)

ẋr1 =A1,r1zxz +A1,r11x1 +B1u+D1,r1ww
+D1,r1vv (20c)

y1 = x1 + E1,ww + E1,vv (20d)

where x = [x′z x
′

1 · · · x′r1 ]
′
; xz ∈ IRnz , nz = n1 −

r1m; xi ∈ IRm, i = 1, . . . , r1; x(0) = x0 =
[

x′z0 x
′

1,0 · · · x′r1,0
]′ ∈ Dx0; and B1 is invertible.

Then, ∀cw ≥ 0, ∃cc ≥ 0, ∀x0 ∈ Dx0 with |x0| ≤ cw,
∀η0 ∈ Dη0 with |η0| ≤ cw, ∀tf ∈ (0,∞] ⊂ IRe, ∀u[0,tf) ∈
C, ∀w[0,tf ) ∈ C with ‖w[0,tf )‖∞ ≤ cw, ∀v[0,∞) ∈ Wd with
‖v[0,∞)‖∞ ≤ cw. Let η[0,tf ) and y2[0,tf ) be the solutions
to (18), and x[0,tf ) and y1[0,tf ) be the solution to (17).
If ‖x1[0,tf )‖∞ ≤ cw, . . . , ‖xk0[0,tf )‖∞ ≤ cw, for some
fixed k0 ∈ {1, . . . , r1}, and r2 ≥ r1 − k0 + 1, we have
‖y2[0,tf )‖∞ ≤ cc.

Proof: ∀cw ≥ 0, ∀x0 ∈ Dx0 with |x0| ≤ cw, ∀η0 ∈
Dη0 with |η0| ≤ cw, ∀tf ∈ (0,∞] ⊂ IRe, ∀u[0,tf ) ∈ C,
∀w[0,tf ) ∈ C with ‖w[0,tf )‖∞ ≤ cw, ∀v[0,∞) ∈ Wd with
‖v[0,∞)‖∞ ≤ cw. Let η[0,tf ) and y2[0,tf ) be the solutions
to (18), and x[0,tf ) and y1[0,tf ) be the solution to (17). Let
‖x1[0,tf )‖∞ ≤ cw, . . . , ‖xk0[0,tf )‖∞ ≤ cw.

We will distinguish two exhaustive and mutually exclu-
sive cases: Case 1: mr1 = n1; Case 2: mr1 < n1.

Case 1: mr1 = n1. S1 admits the representation (19).
We will apply Lemma 2 to prove this case. The chain of
integrators is

ẋi = xi+1 + [A1,i1 D1,iw ] [x′1 w
′ ]
′
+D1,ivv; k0 ≤ i < r1

ẋr1 =B1u+ [A1,r11 D1,r1w ] [x′1 w
′ ]
′
+D1,r1vv

Then, by Lemma 2, ∃cc ≥ 0, which depends only on cw,
such that ‖y2[0,tf )‖∞ ≤ cc. This proves Case 1.

Case 2: mr1 < n1. S1 admits the representation (20).
Claim 1: ∃c̄c ≥ 0, which depends only on cw, such that

‖xz[0,tf )‖∞ ≤ c̄c.
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Proof: By the fact that S1 is minimum phase with
respect to Dx0 and C([0,∞), IRqw )×Wd and Definition 1
of [1] and Lemma 4, ∃c̄c ≥ 0, which depends only on cw,
such that ‖xz[0,tf )‖∞ ≤ c̄c. This proves the claim.

Now, we will apply Lemma 2 to prove this case. The
chain of integrators is

ẋi = xi+1 + [0m×nz
A1,i1 D1,iw ] [x′z x

′

1 w
′ ]
′

+D1,ivv; i = k0, . . . , r1 − 1

ẋr1 =B1u+ [A1,r1z A1,r11 D1,r1w ] [x′z x
′

1 w
′ ]
′
+D1,r1vv

Then, by Lemma 2, ∃cc ≥ 0, which depends only on cw
and c̄c, such that ‖y2[0,tf)‖∞ ≤ cc. This proves Case 2 and
completes the proof of the proposition.

In application of Proposition 2, we will refer to S1 as the
reference system. Finally, we present a corollary without
proof, which has a stronger assumption on S2.

Corollary 1: Consider two SISO LTI systems sharing the
same inputs (17) and (18) as in Proposition 2.

Assume that

(i) S1 admits UVRD r1 from u to y1, 1 ≤ r1 ≤
n1

m
, and is minimum phase with respect to Dx0 and

C([0,∞), IRqw) × Wd, where w and v are viewed as
disturbance inputs; and

(ii) the matrix A2 is Hurwitz and y2 has relative degree
at least r2 ∈ IN from u, i. e., C2B2 = · · · =
C2A

r2−2
2 B2 = 0m2×m.

Let S1 be given in the EZDCF (19) or (20) depending on
whether mr1 = n1 or mr1 < n1, respectively.

Then, ∀cw ≥ 0, ∃cc ≥ 0, ∀x0 ∈ Dx0 with |x0| ≤ cw,
∀η0 ∈ Dη0 with |η0| ≤ cw, ∀tf ∈ (0,∞] ⊂ IRe, ∀u[0,tf) ∈
C, ∀w[0,tf ) ∈ C with ‖w[0,tf )‖∞ ≤ cw, ∀v[0,∞) ∈ Wd with

‖v[0,∞)‖∞ ≤ cw. Let η[0,tf ) and y2[0,tf ) be the solutions
to (18), and x[0,tf ) and y1[0,tf ) be the solution to (17).
If ‖x1[0,tf )‖∞ ≤ cw, . . . , ‖xk0[0,tf )‖∞ ≤ cw, for some
fixed k0 ∈ {1, . . . , r1}, and r2 ≥ r1 − k0 + 1, we have
‖y2[0,tf )‖∞ ≤ cc.

V. CONCLUSIONS

In this paper, we have further investigated properties of
minimum phase systems using the generalized definition
introduced in [1]. We proved that the composite system
consisting of a minimum phase system in feedback con-
nection with another linear system satisfying a certain
boundedness condition is itself a minimum phase system.
We have established two results (Propositions 1 and 2) on
the stable invertibility of minimum phase systems. When a
square minimum phase linear system has UVRD zero from
the control input to the output, has a bounded admissible
initial condition, and a bounded admissible disturbance
waveform, then the control input and the state trajectory
are bounded if the output of the system is bounded. When
a square minimum phase linear system has UVRD r1 ∈
IN, a bounded admissible initial condition, and a bounded
admissible disturbance waveform, if the noiseless output
together with its noiseless derivatives up to k0th order are
bounded, then, the output of a “stable” linear system sharing
the same inputs as the minimum phase system is bounded
if the relative degrees of the outputs of the “stable” system
satisfy r2 ≥ r1 − k0.

Future research along this direction lies in the model
reference robust adaptive control using the new definition
of minimum phase.

APPENDIX

Lemma 3: Consider the LTI system: ż = Az + Bv,
z(0) = 0n×1, where z is the n-dimensional state, n ∈ Z+;
and v is the p-dimensional input, p ∈ Z+. Assume that the
system is BIBS stable. Then, the following statements hold.

1) For system η̇ = Aη, η(0) = Bξ, where ξ ∈ IRp, there
exist k ≥ 0 and λ > 0 such that ∀ξ ∈ IRp with |ξ| ≤
cw ≥ 0, we have |η(t)| ≤ cwke

−λt, ∀t ∈ [0,∞).
2) The system ẋ = Ax + ABu, x(0) = 0n×1, is BIBS

stable.
Proof: By Lemma 6 of [5], ∃k ≥ 0 and ∃λ > 0 such

that ‖eAtB‖ ≤ ke−λt, ∀t ≥ 0. 1) By Theorem 4-4 of [7],
|η(t)| =

∣

∣eAtBξ
∣

∣ ≤ ke−λtcw, ∀t ≥ 0. 2) we note that

(
∑

∞

i=0
1
i! (At)

i)AB = eAtAB = A(
∑

∞

i=0
1
i! (At)

i)B =
AeAtB, ∀t ∈ IR. Then, ‖eAtAB‖ = ‖AeAtB‖ ≤
‖A‖‖eAtB‖ ≤ ‖A‖ke−λt, ∀t ≥ 0. By Lemma 6 of [5],
the result holds.

Lemma 4: Consider the LTI system:

ẋ=Ax+Bu+Dw; x(0) = x0 (21)

where x is the n-dimensional state, n ∈ Z+; u is the
p-dimensional input, p ∈ Z+; w is the q-dimensional
disturbance input, q ∈ Z+; x0 ∈ D0 ⊆ IRn, D0 is a
subspace; w[0,∞) ∈ Wd of class Bq . Assume that (21)
satisfies: ∀cw ≥ 0, ∃cc ≥ 0, ∀x0 ∈ D0 with |x0| ≤ cw,
∀u[0,∞) ∈ C with ‖u[0,∞)‖∞ ≤ cw, ∀w[0,∞) ∈ Wd with
‖w[0,∞)‖∞ ≤ cw, we have ‖x[0,∞)‖∞ ≤ cc.

Then, ∀cw ≥ 0, if cc is the constant defined previously,
∀tf ∈ (0,∞] ⊂ IRe, ∀x0 ∈ D0 with |x0| ≤ cw, ∀u[0,tf ) ∈ C
with ‖u[0,tf)‖∞ ≤ cw, ∀w[0,∞) ∈ Wd with ‖w[0,∞)‖∞ ≤
cw, we have ‖x[0,tf )‖∞ ≤ cc.

Proof: ∀cw ≥ 0, ∀tf ∈ (0,∞] ⊂ IRe, ∀x0 ∈ D0 with
|x0| ≤ cw, ∀u[0,tf ) ∈ C with ‖u[0,tf)‖∞ ≤ cw, ∀w[0,∞) ∈
Wd with ‖w[0,∞)‖∞ ≤ cw. Let x[0,tf ) be the solution
to (21). ∀t ∈ [0, tf), we will show that |x(t)| ≤ cc. Let

ū[0,∞) ∈ C be given by ū(s) =

{

u(s) s ∈ [0, t]
u(t) s ∈ (t,∞)

. Clearly,

we have ‖ū[0,∞)‖∞ ≤ cw. Let x̄[0,∞) be the solution to
(21) due to ū[0,∞), w[0,∞), and x0. Then, ‖x̄[0,∞)‖∞ ≤ cc.
By the causality of (21), we have x[0,t] = x̄[0,t]. Hence,
|x(t)| ≤ cc. This completes the proof.
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