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Abstract—1In [1], we had introduced a generalized con-
cept of minimum phase for finite-dimensional continuous-
time multiple-input and multiple-output (MIMO) linear time-
invariant (LTI) systems with additive disturbances. In this
paper, we study the minimum phase property of the composite
system that comprises of a right invertible MIMO LTI system
S in tandem with an integration block on the output of the
system. We prove that in this special case, the extended zero
dynamics of the composite system is of the same order as the
one for S, and the composite system remains minimum phase
when S is so to begin with. We also show two other interesting
results concerning composite MIMO LTI systems.

Index Terms— continuous-time systems, dynamic extension,
minimum phase, extended zero dynamics.

I. INTRODUCTION

The minimum phase property is of paramount importance
in model reference control theory, having attracted sustained
research attention [2], [3], [4], [5], [6]. In [5], we introduced
a generalization of the minimum phase concept for SISO
LTI systems with additive distubance inputs which is proved
to be necessary for the solvability of the output feedback
model reference control problem. A further step in this
direction [6] yields the generalized minimum phase concept
for finite-dimensional MIMO LTT system with additive dis-
turbance. In [1], the definition of the generalized minimum
phase is updated slightly so that we can have stronger
statements in the robust model reference control for a class
of uncertain systems. It is proved in [7] that this generalized
minimum phase concept is necessary for the solvability of
the output feedback model reference control problem for
MIMO LTI systems. The relationship of the generalized
concept of minimum phase with that introduced in [3] and
[2] has been investigated. It is shown in [1] that when
the MIMO LTI system is minimum phase as defined in
[3], then it also satisfies the generalized minimum phase
condition of [1]. The converse holds if the MIMO LTI
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system is stabilizable with respect the the control input.
It is also shown in [1] that the generalized minimum phase
property, in particular the extended zero dynamics, remains
unchanged under a step of the dynamic extension algorithm
([3D.

In this paper, we further investigate the properties of min-
imum phase MIMO LTT systems with additive disturbance
input using the definition in [1]. We first show that, for a
MIMO LTI system .5, attaching a dynamic/static controller
without feedback will not decrease the dimension of the
extended zero dynamics. Then, we prove that the composite
system that comprises of a right invertible MIMO LTI
system S in tandem with an integration block on the output
of the system admits an extended zero dynamics that is of
the same order as the one for S, and the composite system
remains minimum phase when S is so to begin with. Finally,
we show that the composite system consisting of a MIMO
LTI system S with vector relative degree (r1,...,7m),
where m € Z, is the dimension of the output, in tandem
with a diagonal integration block on the output of S admits
vector relative degree (r1 +1,...,7r, + 1).

The balance of the paper is as follows. In the next section,
we list the notations used in the paper. Then, in Section III,
we present the main results of the paper. The paper ends
with some concluding remarks in Section IV.

II. NOTATIONS
Let R denote the real line; R, := [0,00) C R; N
be the set of natural numbers; Z, := IN U {0}. Unless
specified, all signals, constants, and matrices are real. For a
continuous function f, we say that it belongs to C. For any
z € R™, |z| denotes v/ 2’ z. I, denotes the n x n-dimensional
identity matrix. For any matrix A, A° = I. For any matrix
M, ||M]| denotes its 2-induced norm. 0,,x, denotes the
m x n-dimensional matrix whose elements are all zeros.
For any waveform ujg ¢,y € C([0,ts), R”), where t; > 0
and p € o, Jujo ) lloc = subrefo o (0]
ITII. MAIN RESULT
Consider a finite-dimensional MIMO LTI system S:
& = Az + Bu+ Dw; x(0) = z¢ € Dy
y=Czr+ Fu+ Fw

(la)
(1b)



where x € IR™ is the state vector, n € Z.; xq is the initial
state vector that belongs to the subspace Dy C R", u €
IRP is the control input, p € Z,; y € R™ is the output,
m € Zy; and w € R? is the disturbance input, ¢ € Z;
W(o,00) € Wa, which is of class By; A, B, D, C, F, and £
are constant matrices of appropriate dimensions.
By [6], the system .S admits the extended zero dynamics
that is given by, x, = Kz
T, = Azxz + Azly + (KD - AzlE)w; (2)
.I'Z(O) = Kzxg € K(Do)
where K € R**", A, € R**® A,; € R**™ be the
maximal solution (in terms of s € Z) to
KA=AK+ A,C 3a)
A F = KB (3b)
with the pair (A., A,1) being unique for each K. The
system S is said to be minimum phase with respect to Dy
and Wy if Ve, € Ry, 3e. € Ry, Voo € Dy with |xg| <
Cw» Vy[o_’oo) € C with |‘y[0700)|‘oo < Cw, Vw[o_,oo) € Wy with
[wo,00)lloc < Cw, We have [[20,00) [[oc < e
We first state a result that adding a linear dynamic/static
controller without feedback
¢ = A9l + Bov + Dow (4a)
u = OQC + FQ’U + EQU) (4b)
to (1) will result in a expanded system with an extended
zero dynamics of order 5§ > s.
Proposition 1: Consider the MIMO LTI system (1) with
a linear dynamic/static controller (4) in tandem, where ¢ &
IR"™ is the state vector of the controller, ny; € Z,; v € IRP
is the new control input, p; € Zy; u € IR? is the control
input to (1); w is the same as in (1); the matrices Ago,
By, Ds, Cs, F5, and Es are constant and of appropriate
dimensions. Then, the composite system consisting of (1)
and (4) admits an extended zero dynamics of order § > s,
where s is the dimension of extended zero dynamics (2) for
(1.
Proof: The composite system has the following state
space representation, in A= (z,¢) coordinates:

A = A\ + Bv+ Dw (5a)

y = CA+ Fv+ Ew (5b)

;o A BCy| o _ |BF| Ao _

where A = {Omm AQQ}’ B = {Bg }, D =

[D+BE2]; C = [C FCy; F = FF; and E =
D,

E + FFE,. It is easy to show that K = [K Osx,n},

A, = A,, and A,; = A, satisfies (7) of [1] for the

composite system (5). Since K is full row rank, then K is

of full row rank s. This shows that the maximal solution to

(7) of [1] for the composite system (5) must have dimension

§ > s. This completes the proof of the proposition. [ |

Next consider the system S in tandem with an integration
block S, define by:

§ = Al +y+ Dw; (62)

j =&+ B (6b)

where 4; € R™*™, D; € R™*? and E; € R™*9 are

£0) = eR™

constant matrices. For the system S, it is clear that the
output ¢ has uniform vector relative degree of 1 with respect
to input y and is minimum phase with respect to IR™ and
W, since the extended zero dynamics is absent.

We next present a result which shows that the composite
system consisting of S in tandem with .S is minimum phase
with respect to R™ x Dy and Wy, if S is right invertible
and minimum phase with respect to Dy and W.

Theorem 1: Consider composite system with S in tan-
dem with S;. Assume that the system S is right-invertible.
Then, the composite system admits the extended zero dy-
namics:

A = Az/\z + (AzAzl - AzlAl)g + (_Azl (Dl

—AlEl))w — AZAzlElw + (KD — AzlE)w; (7)
Az(0) = —Az1éo + Ko
where )\, € R? is the state vector.

If, in addition, S is minimum phase with respect to Dy
and W,, then the composite system is minimum phase with
respect to IR™ x Dy and Wj.

Proof: The composite system admits the state space
representation, in \ := (§,x) € R™™ coordinates,

u A C F Dy +FE

A= [OnXmA}/\—i_[B}u—i_[ D ]w (8a)
=: AN+ Bu+ Dw; A(0) = (&, 20) € R™ x Dy
¥ = [Im Opxn | A+ BEyw =:CA\+ Fu+ Ew  (8b)

We will first show that the matrices K := [—Azl K } S
R A = A, € R, and A,y = A, A, —
A.1A; € R®™ satisfies Equations (7) of [6] for the
composite system (8). This is easy to check as following.

- A C

KA=[-A.4 K| {on:m A}
= [-A.A —A.C+ KA = [-AuA AK]
= A.K + A,,C

Azlp = Os><p =-A 4 F+KB= KB

Clearly, rank(K) = s since rank(K) = s. We need to
show this set of solution (X, A, and A.1) to (7) of [1] is
maximal. By [8] and the right invertibility assumption, S
can be dynamic extended to achieve vector relative degree.
By [1], the extended zero dynamics is invariant under
one step of dynamic extension. Then, S can be dynamic
extended to S with a dynamic controller of the form (4) such
that S has uniform vector relative degree r € Z, without
changing its extended zero dynamics (2). By Lemma 1 of
[1], the dimension s of (2) equals to » —rm, where 7 is the
dimension of the system S. Note that the composite system
of S in tandem with S; has uniform vector relative degree
r+ 1 and dimension 7+ m by [9]. By Lemma 1 of [1], we
can deduce that this composite system admits a extended
zero dynamics of dimension n+m—(r+1)m = n—rm = s.
It is easy to see that the composite system (8) of .S in tandem
with S; together with the dynamic controller (4) forms the
composite system of S in tandem with S;. By Proposition 1,
the extended zero dynamics for the composite system (8)
has dimension less than or equal to the dimension of the



extended zero dynamics for the composite system of S in
tandem with .S;. Thus, the composite system of S in tandem
with S; admits an extended zero dynamics of dimension
less than or equal to s. This shows that the set of solution
K, A,,and A, to equations (7) of [1] is maximal.

Define \, := K\ = Kz — A€, and )\, can be shown
to admit the dynamics (7). This completes the proof of the
first statement.

Consider the second statement in the theorem and assume
that .S is minimum phase with respect to Dy and WW;. By
Lemma 5 of [6], the system z = A.z + A,jv; 2(0) = O,
is BIBS stable. Then, by Lemma 3 of [10], we have the
system z = A, Z+ A, A v; Z = 0, is BIBS stable; and the
system 2= A3 %(0) = A,10 has bounded state trajectory,
VB8 € R™. Ve, € Ry, Je. € Ry, VAo € R™ x Dy
with | Ag| < ¢y, Vg[o_roo) € C with ||ﬂ[07m)|‘oo < Cws >
Vwio,00) € Wa With [, o0)llec < cw, by linearity of (7),
we have

m = A.m + A A (Y — Erw); 1i(0) = 0

M2 = Asna + A (=A19 + (A1 E1 — D1)w)
+(KD - AzlE)w; 7’]2(0) = K.CCQ

s = Aznz; 13(0) = —Ax160

Az[0,00) = M1[0,00) T T2[0,00) T 73[0,00)
Then, ”g[O,oo) - Elw[O,oo)”oo < ¢y + ”El”Cw =. Cwl,
[ = A1¥0,00) + (ALE — Di)wp,eo)llec < [[Anflcw +
|[A1E — Dil|cwy =: cw2. By BIBS property of the z
dynamics, 3c.; € IRy, which depends only on ¢, such
that [[71]0,00)||oc < ¢c1. By the minimum phase property of
S, Jeea € Ry, which depends only on ¢, and c¢yz2, such
that [|72[0,00)l|cc < cco. By the boundedness of solution to
z dynamics, Je.3 € R4, which depends only on ¢, such
that [|730,00)[lcc < cc3. This implies that [|X.j0 o0)l[oc <
Ce1 + Ce2 + €3 =: c.. Hence, the composite system of S in
tandem with S is minimum phase with respect to R™ x Dy
and W,.
This completes the proof of the theorem. [ ]
Finally, we prove another interesting result.

Proposition 2: Consider the MIMO LTI system S and
assume that S admits vector relative degree (71,...,7m),
1y € Zy4, 1 =1,...,m. Then, the composite system (8) of
S in tandem with S; admits vector relative degree (r1 +
1,..., 7y + 1) if the matrix A; is diagonal.

Proof: By the vector relative degree assumption, we
have 015, = F;. = C;.B = --- = C;. A" 2B, where
F;. and C; . denote the ith row of the matrices I and C,
respectively, H; . := C; . A" "'B # 014, (H;. := F}, if

Hl,:
r,=01¢=1,...,m, and H := : is of full row
Hm,:
rgnk. For the corr}pos_ite system (8), we have, v =1,...,m,
Fi,: = 01><p7 Ci,:B = e;nZF = E,: = 01><p7 cees
ri—1 <Ti—2 Ari—2—3j i
éi-ATi_lg _ C,l Al ijo Al JCAJ B _
5t 5t 0n><m ATifl

/ ri—1 /
em_’Z-Al F + e

m,i

(AT oA)B =

aZT;—lFi_’: + Z;;BQGZ'PQJO@{AZ.B 1: Ol‘xp, and

Ay St Aiion ]

OnXm . AT":

e AV + €, (S0 AYTTICANB = afiF +

Z;;_Ol a;‘;_l_JOiﬂ;AJB = CiyzATiilB = Hiﬁ }é 01><;D7

where F;. and C; . are the ith row of matrices F and C,
ail 0

C’iy;A’”B == Oi-,¢

respectively, and A; := . This shows that

0 Amm
the composite system (8) admits vector relative degree

(1 +1,...,7, + 1). This completes the proof of the
proposition. [ |

IV. CONCLUSIONS

In this paper, we proved that, for a MIMO LTI system S5,
attaching a dynamic/static controller without feedback will
not decrease the dimension of the extended zero dynamics.
Then, we proved that the composite system that comprises
of a right invertible MIMO LTI system S in tandem with
an integration block on the output of the system admits
an extended zero dynamics that is of the same order as
the one for .S, and the composite system remains minimum
phase when S is so to begin with. Finally, we proved that
the composite system consisting of a MIMO LTI system S
with vector relative degree (ry,...,r,), where m € Z4
is the dimension of the output, in tandem with a diagonal
integration block on the output of S admits vector relative
degree (r1 +1,...,7 +1).

Future research along this direction lies in study of
minimum phase properties of interconnected LTI systems,
which are more general than the ones discussed in this

paper.
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